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Abstract 

This paper studies 'pro-excision' for the /^-theory of one-dimensional, usually semi-local, 
rings and its various applications. In particular, we prove Geller's conjecture for equal charac- 
teristic rings over a perfect field of finite characteristic, give results towards Geller's conjecture 
in mixed characteristic, and we establish various finitencss results for the -/^-groups of singu- 
larities, covering both orders in number fields and singular curves over finite fields. 
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Introduction 

In the first section of this paper we will show that if A is a one-dimensional, Noetherian, reduced, 
semi-local ring for which A — > A is a finite morphism, then there is a long exact, Mayer- Vietoris, 
'pro-excision' sequence of formal pro groups 

► K n {A) -> " hm" K n {A/m r ) K n {A) -> " lim" K n (A/M r ) (pro-MV) 

r r 

where A is the normalisation of A and m, 9Jt denote the Jacobson radicals of the rings. There is 
also a similar sequence for the relative if-groups. Here " hjn" denotes a formal inverse system of 
groups, sometimes denoted, e.g., {K n (A/m r )} r . 

Before discussing the main results of this paper, we explain the source of (pro-MV). It has 
been known at least since work by R. Swan [2TJ Thm. 3.1] that if -theory fails to satisfy excision; 
i.e., if A — > B is a morphism of rings and I is an ideal of A mapped isomorphically to an ideal 
of B, then K n (A,I) —> K n (B,I) need not be an isomorphism. Having fixed / as a non-unital 
algebra, A. Suslin [35] showed, by building on earlier work of himself and M. Wodzicki [49 , that 
I satisfies excision for all such morphisms A — > B if and only if I is homologically unital, in 
Wodzicki's sense that Tor^ x/ (Z,Z) = for * > 0. Unfortunately, this is not commonly satisfied 
for rings of algebraic geometry. A recent trend has therefore been to consider instead the problem 
of 'pro-excision': i.e., When is the map "hjn"^ K n (A, I r ) — > " him." ; K n (B, I r ) an isomorphism? 
For example, if A is a Noetherian Q-algebra and B is essentially of finite type over A, then these 
maps are isomorphisms by a recent theorem of the author [371 Thm. 0.1]. Moreover, T. Geisser and 
L. Hesselholt [T31 [Tl] have established a pro version of the Suslin- Wodzicki condition. In section 
Q]we use Geisser-Hesselholt's results to show that if I is the conductor ideal of a one-dimensional, 
Noetherian, reduced ring for which the normalisation map is finite, then it satisfies pro-excision, 
thereby resulting in long exact Mayer- Vietoris, pro-excision sequences such as (pro-MV) above. 
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Such sequences have immediate global applications: If X is a proper, reduced curve over a 
finite field, then pro-excision implies that K n (X) — > K n (X) has finite kernel and cokernel for 
n > 1, whence K n (X) is finite by G. Harder [H] and C. Soule [3B]. In other words, Harder-Soule's 
finiteness result extends to singular curves. The arithmetic analogue, which also follows from pro- 
exicision, is that if A C Of is an order in the ring of integers of a number field, then K n (A) is 
finitely generated and of the same rank as K u {Pf)\ these ranks are of course known thanks to 
A. Borel [4]. The proofs of these results are postponed until section [3TT1 with the other material 
on rings with finite residue fields. 

However, the major theme of this paper is of a local nature, showing that such pro-excision 
sequences often break into short exact sequences and studying the many interesting consequences, 
especially to Gcller's conjecture in the finite residue characteristic case. In particular, sections 
12.11 - 12.31 are devoted to the proof of the following key theorem, which can be interpreted as an 
analogue for singular rings of the Gersten conjecture: 

Theorem 0.1. Let A be a one- dimensional, Noetherian, reduced semi-local ring containing a field 
of characteristic ^ 2 and for which A — > A is a finite morphism; let m and 9Jt denote the Jacobson 
radicals of A and A. Then the relative version of (pro-MV) breaks into short exact sequences of 
pro groups, yielding 

-> K n {A,m) -> "hm" K n (A/m r ,m/m r ) © K n (A,m) ->■ "lim" K n (A/M r , 3JI/SDT) -»• 

r r 

for all n > 0. If A — > A/dJl splits (e.g., A complete), then the non-relative sequence (pro-MV) also 
splits into short exact sequences: 

-> K n {A) -> "Hm" K n (A/m r ) © K n (A) -> "lim" K n {A/W) -> 0. 

r r 

The special case of the theorem when A is essentially of finite type over a field of charac- 
teristic zero and n = 2 was proved by A. Krishna [291 Thm. 3.6]; the n = 2 assumption was 
removed in the author's earlier work |38) on this subject, but the characteristic and finite type 
assumptions remained. Therefore the theorem extends the results in [3S] on A-theoretic adeles to 
all one-dimensional, Noetherian, reduced schemes over a field of charactersitic =^ 2 for which the 
normalisation map is finite. I suspect that the theorem is true without the equal characteristic 
assumption, and in characteristic 2; section |3~21 gives partial results in mixed characteristic. 

Informally, the theorem states that the contributions to the AT-theory of A coming from its 
singularities can be entirely captured using the A-theory of the quotients A/m r , for r>0. For 
example, we use the theorem to prove the following in section [2^1 where KH denotes C. Weibel's 
homotopy invariant A-theory: 

Theorem 0.2. Let A be as in theorem \ 0.1[ and assume that A — > A/m splits. Then, for each 
n > 0, the kernel of K n (A) -» KH n (A) embeds into K n (A/m r ) for r > 0. 

Moreover, precisely because (pro-MV) and the first theorem describe the singular contribution 
to the A-groups, they have important applications to Geller's conjecture, which we interpret as 
the following, although this is not exactly what S. Geller asked in 1986 |16) : 

"Let A be a one-dimensional, Noetherian, reduced local ring, and suppose that A2 (A) — > 
K-z{F) is injective, where F — FracA is the total quotient ring of A. Then A is neces- 
sarily regular." 
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Apart from the seminormal, equal characteristic case, there has been no progress until now on the 
conjecture when A has finite residue characteristic. We prove the following in section \2. 51 

Theorem 0.3. Geller's conjecture is true if A is an ¥ p -algebra with perfect residue field for which 
A — > A is a finite morphism. 

Meanwhile, in section [^751 we offer the following interesting alternative to Geller's conjecture in 
characteristic zero: 

Theorem 0.4. If A is as in Geller's conjecture, is essentially of finite type over a characteristic 
zero field, and is not regular, then K n (A) — > K n (F) is not injective for some n > 3. 

Next we turn our attention to mixed characteristic rings; section T3.2I analyses consequences of 
the sequence (pro-MV) for 'p-adic orders', i.e. reduced Z p -algebras which are finitely generated 
and torsion-free as Z p -modules, e.g. Z p + pZ q . Pro-excision permits us to describe the i("-theory 
of such rings in a completely analogous way as for the rings of integers of local fields: 

Theorem 0.5. Let A be a p-adic order. Then 



Using the theorem it is straightforward to describe the completed if-theory K n (A; Z) of such 
rings, from which we then prove the analogue of theorem 10.11 in odd degrees for p-adic orders. In 
even degree we can reduce the problem to understanding the torsion in the even degree isT-groups; 
this is well understood for K 2l but not in general, resulting in the following: 

Theorem 0.6. Let A be a p-adic order. Then K 2 (A;7,) equals the finite p-group alluded to in 
theorem \0.5\ (and similarly for A), and there is a short exact, Mayer-Vietoris sequence 



Finally, using similar methods as in our proof of Geller's conjecture in equal finite character- 
istic, this theorem yields the first results towards Geller's conjecture in mixed characteristic. Our 
methods do not see the element p, so rather than establishing regularity under the conditions of 
the conjecture, we instead bound the embedding dimension of A by 2: 

Theorem 0.7. Let A be a one-dimensional, Noetherian, reduced local ring of mixed characteristic 
with finite residue field of characteristic p > 2 and with finite normalsiation. Suppose that at least 
one of the following is true: 

(i) FracA contains no non-trivial p-power roots of unity; or 

(ii) A is seminormal; or 

(Hi) A is local and all p-power roots of unity in Frac A belong to A. 

If the map K 2 {A) — > ^(FracA) is injective then embdimA < 2. 

In the remainder of this introduction we describe our methods and the ingredients of the proofs 
of the above results, beginning with theorem 10.11 It is sufficient, using the relative version of 
(pro-MV), to show that 




divisible Zr p y module © finite p-group n > 2 even, 
torsion-free Z( p ) -module © finite group n > 1 odd, 



-> K 2 (A) -> K 2 {A-Z) © K 2 (A) -> K 2 (A;Z) -> 




r 



3 



Matthew Morrow 



is surjective for all n > 1. Thus it is enough to show that the codomain is entirely symbolic and so, 
since A/9JV is a finite product of truncated polynomial rings, this reduces the theorem to proving 
that 

"hm"if„(fc[f]/(f),(t)) 

r 

is entirely symbolic for any field k. When k has characteristic zero this is proved directly in section 
12.21 by filtration arguments in cyclic homology, after applying the Goodwillie isomorphism [T7] 
to deduce K n (k[t]/(t r ), (t)) = iJC^_ 1 (fc[i]/(t r ), (t)). The proof is philosophically similar in finite 
characteristic, in that we apply L. Hcssclholt and I. Madsen's [231 |2"U] description of the iVtheory 
of truncated polynomial rings in finite characteristic using topological cyclic homology via the 
McCarthy isomorphism |34) . 

Sections 12 .41 - [2761 cover the applications of (pro-MV) and the first main theorem; they may be 
read independently: 

Firstly, theorem 10.21 follows in a straightforward way from theorem 10.11 by relating the KH- 
theory of A with the iVtheory of A. 

Next, (pro-MV) reduces theorem 10.31 to checking that 

"km" K 2 (A/m r ,m/m r ) -> "lim" K 2 (A/W, WlfW) 

r r 

is injective if and only if A is regular. It can be shown using perfectness of the residue field 
that the codomain of this map vanishes, so it becomes enough to construct a non-zero element 
of K2(A/m r , m/m r ) for some r under the assumption that A is singular; this is easily achieved 
using Dennis-Stein symbols. We emphasise that the key to the proof is that (pro-MV) reduces 
the problem to the iVtheory of the quotients A/m r and A/VJV. Krishna [29] studied Geller's 
conjecture in a similar way in characteristic zero, introducing an 'Artinian Geller's Conjecture' 
which mimicked G. Cortihas, S. Geller, and C. Weibel's [SJ Artinian analogue of Berger's conjecture 
on the torsion in differential forms of curve singularities. 

Finally, theorem 10.41 is proved by establishing an intermediate result which is of interest in its 
own right: The maps 

K n {A,m) -> K n (A,Wl), HC n - X {A,m) -> HC n ^ (A, OR) 

have isomorphic kernels (and cokernels). This is proved by establishing an analogue of theorem 
10.11 for cyclic homology and then appealing to the Goodwillie isomorphism. This of course reduces 
theorem 10.41 to the same claim for cyclic homology, which can be deduced from the 'Hochschild 
homology criterion for smoothness' [2J. 

Now we say something about our proofs for mixed characteristic rings with finite residue fields. 
If A is a p-adic order then pro-excision implies that the kernel and cokernel of K n (A) — ► K n (A) are 
finite; since A is a finite product of rings of integers of local fields, its if-theory is known to admit 
the description given in theorem 10.51 thanks to Hesselholt and Madsen's proof of the Quillen- 
Lichtenbaum conjecture (24J Thm. A]. Descending to A is then purely algebraic, and the weaker 
mixed characteristic analogue of theorem 10. II is deduced by explicitly examining the groups which 
appear. We obtain the strongest result when n = 2, namely theorem 10.61 because the divisible 
summand of K2(A) is known to be torsion- free; the lack of this knowledge for the other even degree 
if -groups is what prevents us from fully proving theorem 10. II in the mixed characteristic setting. 

Theorem 10.71 can then be proved in a similar way as theorem 10.31 proposition 10.61 reduces 
Geller's conjecture to an Artinian analogue. This can often be directly tackled at the level of 
K2(A/m 2 ), which can be described in a classical style using differential forms and exterior powers 
of the tangent space. 
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Notation, conventions, etc. 

Every ring in this paper is commutative, though we stress that the first two theorems of section 
[TJ remain valid in the associative, non-commutative case. Every ring is moreover unital, with the 
strict exception of certain instances in section [1] where we write "non- unital ring" . 

Given a reduced ring A, we denote its total quotient ring by FraCj4, and its integral closure in 
FracA by A. We often require A to be finitely generated as an A-module, in which case we say 
that A has finite normalisation ( "Mori ring" is also in the literature) ; this is true if A is excellent 
[TBI 7.8.3]. A ring is said to be normal if and only if it is reduced and integrally closed in its total 
quotient ring, i.e. A = A. 

Since most of this paper concerns local rings, Kq is typically uninteresting and therefore we 
do not replace if-theory by its non-connective cover; in particular, our long exact Mayer- Vietoris 
sequences finish with a possibly non-surjective map between Kq terms. However, the groups K n , 
n < 0, always satisfy excision, so there is no loss of generality in only working with the non-negative 
-ftT-groups. 

Cyclic homology with respect to the base ring Z is denoted HC* = HCf. 

1 Pro-excision in ^-theory in dimension one 

The aim of this foundational section is to describe pro-excision in algebraic X-theory, prove that 
it is satisfied when normalising one-dimensional rings, and state the consequences, namely the 
long exact sequences of proposition 11.41 and corollary 1 1.71 These consequences are essential for the 
remainder of the paper. 

Recall that a non-unital ring / is said to satisfy excision for if-theory if and only if the relative 
If -groups K n (R,I), n > 0, having embedded L as an ideal of a ring R, do not depend on R. 
Obvious modifications of this terminology will be used. There is a universal choice of such a ring 
R, namely R = Z k 7, sometimes denoted / in the literature. 

The following is A. Suslin's celebrated solution of the excision problem in if -theory, building 
on earlier work of M. Wodzicki: 

Theorem 1.1 (Suslin [48 ). Let I be a non-unital ring, and set C = Z, Q, or Z/toZ for any m £ Z. 
Fix p > 0. Then I satisfies excision for K n (~, C), for n < p, if and only if Tor^ 1 * 7 (Z, C) = for 
n=l,...,p. 

Suslin-Wodzicki's criterion is rarely satisfied for ideals / occurring in algebraic geometry: it 
is more appropriate for non-unital C*-algebras and other similar function algebras. Of greater 
interest to us will be when excision is satisfied as we pass to increasingly fat nilpotent thickenings 
of an ideal; the following theorem, which we only state in the integral case, is the necessary pro 
extension of Suslin's result: 

Theorem 1.2 (T. Geisser & L. Hesselholt 13, Thm. 1.1] O Thm. 3.1]). Let f : A ->■ B be a 

morphism of rings, and L C A an ideal mapped isomorphically by f to an ideal to B. Suppose that 
the formal pro group 

"lim"Tor^ ><(r ' ) (Z,Z) 
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is zero for all n > 0. Then the pro group 

"km" K n (A,B,I r ) 

r 

is zero for all n > 0, and so " hW ; K n (A, I r ) — > "hW^ K n (B,I r ) is an isomorphism; i.e. I 
satisfies 'pro-excision' in K-theory. 

Remark 1.3. Before continuing we include a brief discussion about formal pro groups. 

Everything we need about categories of pro objects may be found in one of the standard 
references, such as the appendix to pQ, or [27] • We will use Pro Ab, the category of pro abelian 
groups. 

If C is a category, then ProC, the category of pro objects ofC, is the following: an object of 
ProC is a contravariant functor X : X —¥ C, where I is a small cofiltered category (in this paper it 
is fine to assume I = N); this object is usually denoted 

"Hm"X(i) or "Um"X(j), 

iei i 

or by some other suggestive notation. In algebraic topology the notation is also popular. 

The morphisms in ProC from " hW icJ -X to "kW ^. Y(j) arc 

Hom ProC ("lim" X, "km" Y) := lim hm Hom c pf (i), Y(j)), 
iei jej jeJ iei 

where the right side is a genuine pro-ind limit in the category of sets. Composition is defined in 
the obvious way. 

There is a fully faithful embedding C — > ProC Assuming that projective limits exist in C, there 
is a realisation functor 

ProC^C, "hm" X(i) h-> lunX(i), 

iei iei 

which is left exact but not right exact (its derived functors are precisely lim 1 , lim 2 , etc.), and which 
is a left adjoint to the aforementioned embedding. 

Suppose that A is an abelian category. Then Pro .4 is an abelian category. Moreover, given a 
system of exact sequences 

• • ■ — > X n -i(i) — > X n (i) — ► X n+ i(i) — >■■■■, 

the formal limit 

► "^im" X n _i(i) — > "^im" X n (i) — > "^m" X n+1 (i) — > • • • 

iei iei iei 

is an exact sequence in Pro .4. Of course, we cannot deduce that 

• • • — ► ^ml n -i(i) — ► |ml„(i) — >■ |ml„ +1 (i) — > ■ ■ ■ 
iei iei iei 

is exact in A, even assuming that all these projective limits exist in A so that the sequence makes 
sense, because the realisation functor is not right exact. 

We will use the language of Pro Ab throughout this paper. For example, to say that a pro 
group " lim " >o A(r) is zero means that for any r > 1 there exists s > r such that the transition 



map A(s) — ¥ A{r) is zero. 
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Before introducing methods to check the conditions of the Geisser-Hesselholt theorem, we 
collect together the standard consequences which we will use of the vanishing of the pro birelative 
^-groups " M" r K n (A, B, I r ): 

Proposition 1.4. Let f : A — > B be a morphism of rings, and let I C A be an ideal mapped 
isomorphically by f to an ideal of B. Suppose that " lim" r K n (A,B,I r ) = for all n>0. Then 

(i) There is a natural, long exact, Mayer-Vietoris sequence 

► K n (A) -> "lim" K n {A/I r ) K n {B) -+ "lim" K n (B/I r ) -> • • • 

r r 

(n,) Suppose that J (resp. J') is an ideal of A (resp. of B) containing I (resp. f(I))- Then there 
is a natural, long exact, Mayer-Vietoris sequence of relative K-groups 

► K n (A, J) -+ "hm" K n (A/I r , J/T) K n (B, J 1 ) -> "hm" K n {B/I r , J'/T) -»-... 

r r 

(mj Suppose J I is an ideal of A mapped isomorphically to an ideal of B. For any n > 0, the 
natural map 

K n (A, B, J) -> "hm" X„(,4/r, B/r, J/7 r ) 

r 

is an isomorphism. 

(iv) Suppose J D I is an ideal of A mapped isomorphically to an ideal of B. For any n > 0, the 
map K n (A, B, J) -> K n (A/T r , B/T r , J/T r ) is split infective for r > 0. 

Proof, (i) : Consider the following diagram of spectra 

K(A,B,I r ) *■ K(A, F) > K(B,I r ) 

" 

K(A) > K{B) 



K(A/r) — ^ K(B/r) 

in which the two columns and top row are fibre sequences. The vanishing of " ^im " r K n (A, B, I r ) 
for all n implies that " lim" ^ K n ( A, I r ) = "hjii"^ K n (B, I r ), whence the usual splicing argument 
produces the expected Mayer-Vietoris sequence, 
(ii): Consider the following diagram of spectra 

K(A,r) — *■ K(A,J) — K(A/r\j/r) 



K(A,I r ) > K(A) K(A/I r ) 



* > K(A/J) K(A/J) 
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in which the bottom two rows and all the columns are fibre sequences; hence the top row is also a 
fibre sequence. The same is true with B and J' in place of A and J. Next form the diagram 

K(A,r) K{A,j) K(A/r,j/r) 



K(B,r) — k(b,j') — > K(B/r,j'/r) 

in which we have just shown that the two rows are fibre sequences. As we observed in the proof of 
(i), "Um" r K n (A, F) = "lim"^ K n (B, F), whence the Mayer- Vietoris sequence is again obtained 
by the standard splicing argument. 

(iii): Take J' = f(J) in the previous diagram and take homotopy fibres of the vertical arrows; 
this shows that 

K(A, B, F) -> K(A, B, J) -> K(A/I m ,B/I m , J/I m ) 
is a fibre sequence, from which the result follows, (iv) is an immediate consequence of (iii). □ 

Remark 1.5. The homotopy groups of holim r K(A, B, F) fit into short exact sequences 

-> hm 1 ^„ + i(A, B, F) -> 7r„(holim K(A, B, F)) -> hm K n (A, B, F) -> 

r T r 

If / satisfies pro-excision then the two outer terms are zero for all n > 1, and so we deduce that 
holim r K (A, B, F) is contractible. Thus 

K n {A) K n (B) 

holim r K n (A/F) > holim r K n (B/F) 

is a homotopy cartesian square of spectra. This leads to variants of the long exact sequences of the 
previous proposition in which the formal pro groups are replaced by homotopy groups of homotopy 
limits of spectra; however, it is much easier to work with formal pro groups throughout. 

The rest of this section is dedicated to the proof of the following consequence of the Geisser- 
Hesselholt theorem, implying the vanishing of the pro birelative if-groups in a wide variety of 
situations, the most important of which (for us) we give in the subsequent corollary. Saying that 
an ideal / of a ring D is locally free of rank one mean that, for every prime ideal p C D, the ideal 
Ip is generated by a single non-zero-divisor of D p . 

Proposition 1.6. Let f : A — > B be a morphism of rings, and I C A an ideal mapped isomor- 
phically by f to an ideal to B. Suppose moreover that there exists a ring D with the following two 
properties: I is isomorphic, as a non-unital ring, to a locally free ideal of rank one of D; and D is 
flat over Im(Z -> D). Then 

"hm" K n (A,B,F)=0 

r 

for all n > 0. 
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Corollary 1.7. Let A be a one- dimensional, Noetherian, reduced ring, with finite normalisation; 
let I be a non-zero ideal of B := A contained inside A, e.g. the conductor ideal f = Aiuia(B/A). 
Then 

"lim" K n (A,B,I r ) = 

r 

for all n > 0. 

In particular, if J' is an ideal of B contained in the radical (taken inside B) off, and J := A(lJ', 
then there are long exact Mayer-Vietoris sequences 

► K n (A) -> "^im" K n (A/J r ) @ K n (B) -> "^m" K n (B/J' r ) -> • • • 

r r 

► K„{A, J) -> "lim" if„(A/J r , J/J r ) © J') -> "Um" K n {B/f, J'/J ,r ) -> • 

r r 

Proof. We begin by dealing with the minor technical problem that the spectrum of A may have 
finitely many components and that some of these may be spectra of fields, since we have not 
insisted A be equi-one-dimensional. Therefore we may write A = A' x k, and I = I' x J , where A' 
is an equi-one-dimensional, Noetherian, reduced ring, k is a finite product of fields, and I' (resp. J) 
is an ideal of A' (resp. n). Then B = A' x k and I' is an ideal of A'; since if-theory is additive for 
products of rings, we have 

K n {A,B,I r ) = K n (A',A',I' r )®K n { K , K ,J r ) = K n (A',A', I' r ). 

In the same way, if Spec A' has multiple components then we may treat them individually by 
writing A' — A" x A'" and proceeding inductively. 

So, it is enough to prove the birelative vanishing claim under the additional assumption that 
Spec A is connected and of dimension one. Under this assumption, we will show that the conditions 
of proposition 11.61 are satisfied with D = B, from which the first part of the corollary follows. 
Firstly, B is a finite product of Dedekind domains in each of which I has non-zero image, and so 
/ is automatically a locally free ideal of rank one of B. Secondly, the image of Z inside B is either 
equal to Z (in which case B is a torsion- free, hence flat, Z- module), or is equal to a field k since 
Spec A is connected (in which case B is automatically flat over k). 

For the long exact sequences, take I = J'f and just apply proposition 11.41 noting that the 
chains of ideals {/ r }, { J r } and { J /r } are cofinal in one another. □ 

Example 1.8. If A is a one-dimensional, Noetherian, reduced semi-local ring with finite normal- 
isation B, then we may apply corollary 11.71 to the Jacobson radicals m, 971 of A, B, yielding the 
long exact Mayer-Vietoris sequences alluded to in the introduction 

► K n (A) -> "lim" K n (A/m r ) © K n {B) -> "lim" K n {B/M r ) -> • • • 

r r 

>K n (A,m)^ u \im" K n (A/m r ,m/m r ) ® K n (B,M) -> "lim" K n (B /DJl r ,m/M r ) -> • • • 

r r 

Remark 1.9. Here we explain some issues surrounding the assumed finiteness of the normalisation 
morphism A — > A. 

Let A be one-dimensional, Noetherian, reduced ring, with normalisation B = A. According 
to the Krull-Akizuki theorem Thm. 4.9.2], B is again one-dimensional and Noetherian, hence 
is a product of finitely many Dedekind domains. Moreover, if p is a prime ideal of A, then the 
prime ideals of B containing p are precisely those finitely many prime ideals occurring in the prime 
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ideal factorisation of p7?; so only finitely many prime ideals of B contain p. In particular, if A is 
semi- local then so is B. 

If A — > B is moreover assumed to be a finite morphism, in which case the Krull-Akizuki 
theorem is of course unnecessary to deduce that B is Noetherian, then the quotient B/A is a 
finitely generated A- module, and so the conductor f = Ann^T? / 'A) is a non-zero ideal of A such 
that A/f has finite length. Conversely, if 7 is an ideal of B contained in A, and we assume that 7 
is not contained inside any minimal prime ideal of B (to avoid the situation that B = B' x B" and 
I = I' X {0}), then 7 contains a non-zero-divisor / of B; hence fB = B is an ideal of A, whence 
it is finitely generated as an A-module. 

In conclusion, the finiteness of A — > B is the minimal condition required to formulate corollary 

PI 

Now we turn to the proof of proposition 11.61 We will check the conditions of the Geisser- 
Hesselholt theorem by explicitly calculating the Tor groups in question; this is achieved in a 
standard way by various bar resolutions, which we now briefly review. 

Let fc be a ring, and D a fc-algebra possibly without unit. The augmented bar complex 
C^ aT (D; fc) is the complex of left D- modules 

> D ® k n ^ > D ® k 2 _^ D _^ q 

in which the boundary map b' : D® n — > Z?®" _1 is given by b' — Y^i=i(~ where 

d(a\ <E> ■ ■ ■ <E> a n ) = a\ ® • • • (g) OiOi+i ® • • • <g> a„ (i = 1, . . . , n — 1). 

Here D® n occurs in degree n of the complex, though this slightly deviates from standard simplicial 
notation 

Lemma 1.10. Let k be a ring, and I a non-unital, fiat k-algebra. Then 

Tor^((fc,fc) = ^(C. 6ar (/;fc)) 

for * > 0. 

Proof. Since I x k is a unital A-algebra, the augmented bar complex C^ al (I x k; k) is exact; the 
associated normalised complex C^ ar (7 x k; k) may be identified with the subcomplex 

► (k x 7) ® I®" -1 >• (jfe x 7) ® J J 0, 

which is therefore also exact. Therefore the following complex C. forms a resolution of fc as a left 
k k I module: 

• • • (k x 7) ® 7®" ^ • • • (A; x 7) ® 7 ^- fc x 7 



A- 

Moreover, 7 is flat over fc, so each term (fc x 7) <E> 7®" -1 is flat as a left fc x 7 module, and 
therefore this resolution may be used to compute Tor^ K/ (— ,fc). It remains only to notice that 
k <8>fcx/ C n — C„5 r 1 (7; fc) for n > 2, and = fc for n = 1; in fact, there is a short exact sequence of 
complexes 

-> C^{I- fc)[-l] -> fc ® feK/ C. -> fc[-l] -> 0, 
from which the final result follows. □ 
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The key to proving proposition 11.61 therefore rests with the following lemma: 

Lemma 1.11. Let k — > D be a flat morphism of rings, and I C D a locally free ideal of rank one 
of D . Then the natural map 

H4C b . ar (I 2 ;kj) -> H*{Ct ar (I;k)) 

is zero. 

Proof. Since there is no chance of confusion, we write C^ ar (I; k) = C^ ar (I), and similarly for I 2 , 
throughout the proof. 

To illustrate the proof we first suppose that I is free; i.e. I = tD for some non-zero-divisor 
t £ A For each n > define 

s : C^ r {I 2 ) -» C%+i{I), t 2 a x ® ■ ■ ■ ® t 2 a n i-> i ® tax ® t 2 a 2 <g> • • • <g> t 2 a ni 

where ai, . . . ,a n £ D. Letting / : C^ ar (/ 2 ) — > C. (i) denote the canonical map induced by the 
inclusion I 2 C i, it is clear that dis — f and diS = sdi-i for i = 2, . . . , n. So fe's + sb' = f, whence 
/ induces the zero map on homology. 

Now we consider the general case; we must reduce to the situation where have a contracting 
homotopy by 'localising enough'. First observe that C^ ar (7) naturally has the structure of a 
complex of left £>-modules; moreover, for any maximal ideal m of D, the flatness of D — > An 
implies that if* (An ®r> C^ ar (f)) = An ® D H*(C^ aI (I)). Moreover, iAn = tD m for some non- 
zero-divisor t £ I, and we may further write iAn = hm . -D. So, for s E D \ m, let Aff(I) 

denote the subcomplex of An ®d C^ ar (i) given by 

(and similarly A/. s (f 2 ), replacing t by t 2 ). Then 

An ®D if* (C. bar (/)) = lim H,(Af:(I)) 

seD\m 

(and similarly for i 2 ), so we have reduced the problem to proving that the natural map 

/:AC(i 2 )^AC(i) 

induces zero on homology. But this follows similarly to the invertible case, using the contracting 
homotopy 

t 2 t 
s : AC(i 2 ) -> AC +1 (i), — a <g> 6 2 ® • • • ® 6„ >->• - to ® 6 2 ® • • • ® K, 

s s 

where a £ D and b 2 , ■ ■ ■ ,b n £ I . □ 
Corollary 1.12. Let k,D,I be as in the previous lemma, and let n > 0. Then 

Torf ( /2 )(fc,fc)^Torf 7 (fc,fc) 

is zero, and so 



"lim"Tor^ (/r) (fc,fc) =0. 
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Proof. The first claim follows from the previous two lemmas since I is flat over D, hence flat over 
k. The second claim follows by replacing I by successively higher powers of itself and repeatedly 
applying the first claim, which remains applicable since I r is still a locally free ideal of rank one 
ofD. " □ 

We need one more lemma, for which we refer to Geisser and Hesselholt's paper for a proof. 
In fact, their result is much more general and the proof is based on manipulations of Eilenbcrg- 
Maclane spectra; for our special case, a direct analysis of the Tor groups using spectral sequences 
is possible: 

Lemma 1.13. Let k' — > k be a surjective map of rings, and I a non-unital k-algebra. Suppose 
that "lim" r Tor* ><(/r) (fc,fc) = for all n > 0. Then "lim"^ Torjf K(/r) (fc', k') = for all n>0. 

Proof. QJ Prop. 3.6]. □ 

Now we may prove that the pro birelative if-groups vanish in situations of interest to us: 

Proof of proposition \1.6\ By assumption there is a ring D which contains i as a locally free ideal 
of rank one and which is flat over k := Im(Z — » D). The previous corollary implies that 

"lhn"Tor£ K(r) (£:,fc) -0 

r 

for all n > 0, and then the previous lemma, with k' ~ Z, implies " lim" Tor^ K ^ \Z, Z) = for 
all n > 0. Finally apply the Geisser-Hesselholt theorem from the start of the section to complete 
the proof. □ 



2 Applications in equal characteristic 

In this section we apply corollary 11.71 to the study of one-dimensional local rings of equal char- 
acteristic. Sections 12.11 and 12.21 contain preliminary lemmas, and we then establish in section 12.31 
when the pro-excision, Mayer- Vietoris sequences breaks into short exact sequences. In particular, 
we show that the if -theory of a complete, equal charactersitic, one-dimensional local ring is cap- 
tured by its generic if -theory and by all thickenings of its closed point ftheorem l2.8[) , an idea also 
encapsulated by our application in section 12.41 to homotopy invariant if -theory. 

Using pro-excision we prove the Geller conjecture in the finite characteristic, perfect residue 
field case in section T2.51 and then turn to characteristic zero and a relation with cyclic homology 
in section 12.61 

Sections I2.4H2.6I are independent of each other. 

2.1 Finite charactersitic 

We begin with a result in finite characteristic. The following does not seem to be available in 
exactly this form anywhere in the literature, but readily follows from deep results on the K- 
thcory of truncated polynomial algebras by L. Hesselholt and I. Madsen, building on older work 
by S. Bloch. 

If A is any ring then we write K^ m (A) C K n (A) to denote the symbolic part of the if -group, 
i.e. the image of the canonical map from Milnor if-theory to Quillen if-theory; moreover, we write 
K^(A[t]/(tnAt))^Ker(K^(A[t}/(t r ))^K^(A)). 
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Proposition 2.1 (Bloch, Hesselholt-Madsen) . Let A be a regular, Noetherian, local ¥ p -algebra, 
and let n > 1; assume p > 2. Then the natural injection 

"^im" K^(A[t]/(t r ), (t)) -+ "Um'' K n (A[t)/(t r ), (t)) 

r r 

?s an isomorphism. 

Proof. For a moment let ^4 be any ring, and let r > 1. We denote by W r (A) the length r big Witt 
vectors; recall that this is a commutative, unital ring whose underlying abelian group structure is 

l + tA[t]/l + t r+1 A[t}. 

Next let W r O^ be the big de Rham Witt complex (e.g., [23J; it is a differential graded algebra 
over W r (A), equipped with a natural surjection 

of dg algebras, which is an isomorphism when * = 0. 

Now let A be a regular, Noetherian F p -algebra. In [33J Thm. A], Hesselholt and Madsen deter- 
mined the iiT-theory of truncated polynomial algebras over A using R. McCarthy's [33] comparison 
theorem between relative if-groups and topological cyclic homology: their primary result takes 
the form of a long exact sequence 

► W.fif 1 - 2 ' ffl 4 0W ir fil +1 - 2! K n {A[t]/{t r ), (t)) 

i>l i>l 

where V r : Wifl\ —> Wi r fl\ denotes the Verschiebung map and we will describe a special case of 
e below. To be precise, the result in [33J is stated only when A is smooth over a perfect field of 
characteristic p, but it was observed in later work that it extended to the more general regular 
case using Neron-Popescu desingularisation [301 SI] ■ 

The behaviour of this complex with r was later given in |20[ Thm. A]: given s > r, there is a 
morphism of complexes 

0,;> 1 W 1 C- 21 SiMW^f 1 - 2 * K n {A[t]/{t%{t)) ••• 

o 

••• — - e s :>iW^ +1 - 2 * — - © i > 1 w ir n3+ 1 - 2< — - K n (A[t}/(tn,(t)) — - ••• 

where the left vertical arrow is zero, the right vertical arrow is the natural map, and the central 
vertical arrow is © i>1 of the maps 

where the first map is the natural reduction map and the second map is multiplication by a certain 
element a(s,r) E W(F P ) = hjxi^ W r (F p ). Moreover, [Thm. 6.3, op. cit.] states that for any r > 1 
there exists sq > r such that if s > sq and i > 1 then xa(s,r) is the zero map on Wi r f2^ +1 ~ 2 \ 
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Applying " lim" to the system of complexes, one now quickly sees that the limit of the degree 
zero parts of the e maps 

"lim" W^ 1 — > "lim" K n (A[t]/(t r ), (t)) (t) 

r r 

is an isomorphism, which we will denote u. Next we must more carefully describe u; we refer the 
reader to 1.5] for more details on what we are about to say. 

In II], Bloch called the relative K-group C r K n (A) := K n (A[t]/(t r+1 ), (*)) the curves o/ 
terwtf/i r on K n ] let 5C r if„(A) = ^ ym (vl[t]/(r +1 ), (*)) be its symbolic part. Bloch showed that 
SC r K* + i{A) := " Urn" n>o SC r K n+ i{A) can be equipped with the structure of pro differential 
graded associative algebra in such a way that, looking at its degree component, the inverse of 
the determinant map 

{} : "U_m"W r (A) = "]jm"l + tA[t]/l + t r+1 A[t) -> SCrK^A) 

r r 

is an isomorphism of pro rings. The universal property of " lim " Cl^ ^ as a pro differential graded 
algebra therefore implies that there is an induced homomorphism of " lim" r W r (A)-algebras 

4> : "lim" -> SC r K* + i(A) 

r 

(see [3 Thm. II.§6.2.1] for a detailed proof). This descends to the quotient "|m" r W r O,* A by [26l 
Thm. 1.5.2], inducing 

u : "^im" W r n* A -»■ SC r if* +1 (i4) = "Urn" iC+i^M/CO, (t)), 

r r 

which is the desired map. Thus the isomorphism (f) has image inside K^ rm (A[t]/(t r ), (t)), which 
completes the proof. □ 

Remark 2.2. Suppose that k is a perfect field of characteristic p > 2. Then f2^ , fc x = for * > 0, 
so the surjection f2^ , fc % -» W r O^ shows that W r f2£ = for * > 0. Applying the isomorphism (f ) 
of the previous proof, with A = k, we deduce that 

u ^m" K n (k[t]/(t r ),(t)) =0 

r 

for all n > 2. In fact, if n > 2 is even then already K n (k[t]/(t r ), (t)) = for all r > 1 by [2"T1 
Thm. A] . In our proof of the Geller conjecture we will need the vanishing of this relative group when 
n = 2, which can proved in a straightforward classical way by manipulating Steinberg symbols, 
even if p = 2. 

Suppose that A is a one-dimensional, Noetherian, reduced semi-local F p -algebra with finite 
normalisation, and that the residue fields of A are perfect. Then A/VJV may be naturally identified 
with a finite product of truncated polynomial rings (see the proof of corollary 12. 5p and so the 
previous paragraph implies that " Um" ^ K n (A/ 9Jt r , SPT/9Jt r ) = for all n > 2. From corollary 11.71 
we deduce that 

K n {A,m) K n (A,Wl) © "h_m" K n (A/m r , m/m r ) 

r 

for n > 2. It follows that the map K n (A, m) — > 2if n (.A, £0t) is surjective and that its kernel is 
isomorphic to a direct summand of K n (A/m r , m/rrT) for r ^> 0. 
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2.2 Characteristic zero 

Now we establish the analogue of the previous proposition in characteristic zero. The proof is 
inspired by ideas from two papers by A. Krishna [233 |3U], especially section 3 of [29 ; parts of 
the proof were also presented in special cases in the author's work [35]. First we need a lemma 
describing the cyclic homology of graded algebras in the limit; I am grateful to Weibel for explaining 
this style of argument to me. 

Lemma 2.3. Let k be a ring (with respect to which all Hochs child /cyclic homologies in the lemma 
will be taken), and A = © to>0 A w a positively graded k-algebra. Write A> r = ® w>r A w C A for 
each r > 0. Then for any n,r > 0, there exists s > r such that the map 

HH n (A/A> s ) HH n (A/A> r ) 

Im HH n (A) Im HH n (A) [V 

is zero. 

Suppose further that k contains Q and that A is a filtered inductive limit of smooth, finite-type 
k-algebras. Then 

"hm" HC®{A/A> r ) =0 

r 

for all < % < n,jwhere the notation means the i th piece of the Hodge decomposition of the reduced 
cyclic homology HC* = HC se /HC^(A()). Hence 

"lim" HC n (A/A> r ) - "hm" ^ A /A> r )/k/ d ^I/A>r)/k> 

r r 

where denotes the quotient by VL* Ao ^ k . 

Proof. For any fc-algebra R we let C. (R) = (R) denote its Hochschild complex, whose homology 
is HH*(R)\ i.e., C n (R) = _R®'= n + 1 . If R is positively graded, then C,(i?) breaks into a direct sum 
of subcomplexes, C,(R) — @ W>0 C,(R) W , where the weight w piece is 

C n {R) w := Ri Ofc • • • Ofe Ri n C C n {R) 

ioH Mn=«l 

This in turn induces a decomposition of the Hochschild homology, HH*(R) = ® to>0 HH*(R) W . 
Also, write F P C,(R) = ® tu>p C,(R) W for the associated filtration on the complex. 

Let r > be given. By considering two cases we will show that if s > (n + l)r then the map 

HH n {A/A> s ) w HH n (A/A> r ) w 
Im HH n (A) w Im HH n (A) w [V 

is zero for all w > 0: 

case w > (n + l)r: Then it is obvious that C n (A/A> r ) w = 0, and so HH n (A/A> r ) w = 0, which 
clearly suffices to prove our claim. 

case w < s: Notice that C n (A,A> s ) := Kei(C n (A) — > C n (A/A> s )) is additively generated by 
symbols do <8> • ■ • ® a n where |aj| > s for at least one i, and therefore C,(A, A> s ) C F S C,(A). 
Hence HH n (A) — > HH n (A/A> s ) is an isomorphism on the weight w pieces whenever < 
w < s; so in this case the left side of (f) vanishes, which is again sufficient to prove our claim. 
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This completes the proof of the first claim of the lemma, which may be restated more briefly 
as the assertion that HH n (A) — > "Um"^ HH n (A/A> r ) is surjective for all n > 0. So, assuming 
that k contains Q (so that the Hodge decomposition exists) and that A is a filtered inductive 
limit of smooth, finite-type fc-algebras (so that the Hochschild-Konstant-Rosenberg theorem [321 
Thm. 3.4.4] implies HH^(A) = for i ^ n), we see that 

"Km" HH®(A/A> r ) =0 

r 

(*) 

whenever < i < n. So certainly " lim " ^ HH n (A/A> r ) — whenever < i < n. 

Extending this to cyclic homology is straightforward. Indeed, the SBI sequence for the re- 
duced Hochschild and cyclic homology of a graded ring R breaks into short exact sequences 
Thm. 4.1.13], and the S, B, and / maps respect the Hodge grading in a suitable way [Prop. 4.6.9, 
op. cit.]: 

Hct-i (R) ^ HHn (R) ^ HCn (R) -» 0- (t) 
Thus we obtain short exact sequences of pro A-modules, 

^ "lim" HC^Zi(A/A> r ) -> "lim" HH^{A/A> r ) "lim" HC^{A/A> r ) 0, 

r rr 

and we have just proved that the central term vanishes when < i < n; hence the right term 
vanishes, proving the desired vanishing claim for the limit of cyclic homology. 

The final claim is immediate from the standard identification of HC n n ^ with V£ n / d£L n _i. □ 

Proposition 2.4. Let A be a regular, Noetherian, local Q-algebra, and let n > 1. Then the natural 
injection 

"hm" K^ m (A[t]/(t r ), (t)) "lim" K n (A[t]/(t r ), (t)) 

r r 

is an isomorphism. 

Proof. According to the previous lemma with k — Q and A[t] in place of A (which is a filtered 
inductive limit of smooth, finite- type Q-algebras by Neron-Popescu desingularisation), 

"]pn"HC^(A[t}/(t r ),(t))=0 (t) 

whenever < i < n. 

Notice that K n (A[t]/ (t r ), (t)) is a relative K- group for a nilpotent ideal in a Q-algebra, hence 
is a Q-vector space by Weibel [56l 1.5]. So T. Goodwillie's celebrated isomorphism [17] takes the 
form 

K n (A[t]/(t e ), (t)) 4 HC n ^(A[t]/(t e ), (t)). 
This isomorphism respects the Adams/Hodge decompositions by [5 S 9J3, thus inducing 

K®(A[t]/(t°), (t)) 4 HCti\A[t}/(n, (t)). 

1 I am grateful to the referee for pointing out that this statement is often not properly credited. If / is a nilpotent 
ideal of a ring R, then J.-L. Cathelineau [5j proved that Goodwillie's modified character ch' n : K n (R, I) —> HC n (R, I) 
respects the decompositions, but it was not until very recently that Cortifias and Weibel [9] succeeding in proving 
that ch' n coincides with the usual Chern character map ch n . More details may be found in the introduction to [9]. 
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The zeroness of (f ) therefore implies that the natural inclusion 

"^im" K^(A[t}/(n (t)) "hm" K n (A[t}/(f), (*)) 

r r 

is an isomorphism. 

It remains to show that (A[t]/(t r ), (t)) is entirely symbolic. We start with the following 
classical Nesterenko-Suslin result [39l Thm. 4.1]: if R is a local ring with an infinite residue field, 
then K ( n n) (R) Q = Kjf(R) Q . Therefore 

K^(A[t]/(t r ), (t)) = Ker(K r f(A[t}/(n) -+ K?(A)) ® z Q. 

Next we use the following standard result concerning Milnor if -theory: If R is a ring and J C R is 
an ideal contained inside its Jacobson radical, then k := Ker(iff(i?) — » K^{R/J)) is generated 
by Steinberg symbols of the form {ai, 02 ... , a n }, where ai £ 1 + J and 02, . . . , a n € A x . (Indeed, 
if we let A denote the subgroup of K^ I (R) generated by such elements, then it is enough to check 
that 

K™{R/J) -> K™(R)/A, {01, . . . , a„} ^ {a x , . . . ,a n } 

is well-defined, where a £ R x denotes an arbitrary lift of a £ (i?/J) x .) If moreover J is nilpotent 
and i£ D Q, then 1 + J is a divisible group, whence K is also a divisible group and so 

Ker(K^(R) -> iff (i?/J)) Ker(iff (i?) -> K?(R/J)) ® z Q 

is surjective. Taking i? = ^4[<]/(i r ) and J = (i) completes the proof. 

(An alternative way to show that K^\A[t]/ (t r ), (t)) is entirely symbolic is to show that 
HC^~^\A\t]/(t r ), (t)) consists entirely of logarithmic forms: these correspond to symbols in K- 
theory via the Goodwillie isomorphism.) □ 

2.3 The short exact Mayer-Vietoris sequences 

The propositions of sections 12.11 and [2.21 yield the following essential corollary: 

Corollary 2.5. Let B be a one- dimensional, normal, semi-local ring containing a field of any 
characteristic except 2; let 9JI denote its Jacobson radical. Then the natural map 

K n (B,m) -> "Jim" K n (B/m r ,m/m r ) 

r 

is surjective for all n > . 

Proof. Each of the groups on the right is zero if n — O^so assume n > 0. Let B be the £Dt-adic 
completion of B. There is an isomorphism B = J\ n B n , where n varies over the finitely many 
maximal ideals of B, and each B n is a complete discrete valuation ring containing a field, hence 
isomorphic to k n [[t]] for some field k n . Then 

K n (B/m r ,m/m r ) = @K n (k„{t]/(t r ), (t)) 

and so the propositions of sections 12.11 and 12.21 imply that 

"hm" K n (B/m r ,Wl/m r ) = "Um" K s n ym (B/M r ,Wl/M r ). 

r r 
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This reduces the claim to showing that K^ m (B,DJl) -> K% m {B/W, fXH/W) is surjective for 
each n,r > 1. But this is clear: 2JT is contained in the Jacobson radical of B, so B x — > (_B/3Jt r ) x 
is surjective. □ 

We are now prepared to prove our first main result, stating that the long exact, pro-excision, 
Mayer- Vietoris sequence breaks into short exact sequences in dimension one; special cases were 
established in (38j Prop. 3.8] and [29j Thm. 3.6]. This serves as a singular analogue of the Gersten 
conjecture: 

Theorem 2.6. Let A be a one- dimensional, Noetherian, reduced semi-local ring containing a field 
of any characteristic except 2, and with finite normalisation; let m and DJl denote the Jacobson 
radicals of A and A. For any n > 0, there is a natural short exact sequence 

-> K n (A,m) -> "lim" K n (A/m r , m/m r ) © K n (A,M) -> "Urn" K n (A/W, M/Tf) -> 

r r 

of pro groups. In other words, the square 

K n (A,m) ^ K n (A,m) 



"^im" r K n (A/m r ,m/m r ) *~ "Hm" r K n (A/m r ,m/9)l r ) 

is bicartesian in ProAb. 

Proof. According to example 11.81 there is a long exact Mayer- Vietoris sequence of relative K- 
groups 

> K n (A,m) -> "lim" K n (A/m r ,m/m r ) © K n (A,M) ( 4 "lhn" K n (A/M r ,M/M r ) -> ■■■ 

r r 

But B satisfies the conditions of the previous corollary, so arrow (*) is surjective for all n > 0, 
which completes the proof. □ 

Corollary 2.7. Let A,m, 9Jt be as in the previous theorem, and fix n > 0. 

(i) The kernel (resp. cokernel) of the map K n (A, m) — > K n (A,fffl) is isomorphic to a direct 
summand of the kernel (resp. cokenel) of the map K n (A/m r , m/m r ) — > K n (A/9)l r , 9JI/9JF) 
for r>0. In particular, the natural map 

K n (A, m) -> K n (A/m r , m/m r ) © K n (A, £01) 

is injective for r>0. 

(nj Lei A' afeo satisfy the conditions of the previous theorem, and suppose that A — > A' is an 
S-analytic isomorphism J57i, where S is the set of non-zero-divisors of A (e.g., A' could 
be an etale extension with the same residue field, or the Henselization or completion of A). 
Then the S-analytic, relative Mayer- Vietoris sequence breaks into short exact sequences 

-> K n (A, m) -> K n (A', m!) © K n (A, 971) -> A^^, OT') -> 

Ai other words, the kernel and cokernel of the map K n (A,m) — > A„(A,9Jt) are unchanged 
after replacing A by A' . 
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Proof. According to the theorem, the square of groups 

K n (A,m) »- K n (A,m) 



"hm" r i^„(A/m r ,m/m r ) *■ "hm" r K n (A/W, Wl/W) 

is bicartesian, and so the kernels (resp. cokernels) of the two horizontal arrows are the same. This 
easily implies (i). For (ii), notice that an S- analytic isomorphism A — > A 1 does not change the 
bottom row of the diagram, and thus 

K n {A,m) >- K n (A,m) 



K n (A',m') ^ K n (A',W) 

is also bicartesian. □ 
The following is the non-relative version of the theorem: 

Theorem 2.8. Let A,m, 9Jt be as in the previous theorem, and suppose further that K n (A) — > 
K n (A/9JI) is surjective for all n > (e.g., perhaps A — > A/VJl splits, which is automatic if A is 
complete but also holds for unibranch, rational singularities). Then, for any n > 0, there is a 
natural short exact sequence 

-> K n (A) -> "hm" K n (A/m r ) ® K n (A) -> "hm" K n {A/W) -> 0, 

r r 

and hence the map 

K n {A) -> K n {A/m r ) ® K n (A) 

is injective for r>0. 

Proof. Using the same argument as the previous theorem, it is enough to show that K n (A) — > 
" lim" r K n (A/M r ) is surjective. The long exact if-theory sequences for A -> A/ffl and A/M r -> 
A/DJl split, yielding short exact sequences 

K n (A,M) K n (A) > K n {A/m) 



o — K n (A/wr,m/w) — ^ K n {A/w) — ^ K n (A/m) — ^ o 

After taking " l^m" of the bottom row the left vertical arrow becomes surjective by corollary [531 
whence the central vertical arrow also becomes surjective. □ 
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Corollary 2.9. Under the assumptions of the previous theorem, the obvious non-relative modifi- 
cation of corollary \2. 7| is true. 



Remark 2.10. Suppose that A satisfies the conditions of the second of the previous theorems. 
Then Quillen's proof of the Gersten conjecture in the geometric case, and its extension to the gen- 
eral equal characteristic case by Neron-Popescu desingularisation (in fact, the case of an arbitrary 
equal charactersitic discrete valuation ring had already been treated by C. Sherman [IS]), tells us 
that K n (A) — > K n (F) is injective, where F is the total quotient ring of A. The corollary therefore 
implies that Ker(K n (A) — > K n (F)) is 'small enough' to embed into K n {A/m r ) for some sufficiently 
large r. Thus the philosophy of the second theorem is the following: 

The if-theory of A is determined by its generic information together with all infinites- 
imal thickenings of its closed point. 

This philosophy will be made even more precise by our result on if if -theory in the next section. 

Remark 2.11. Let A, m, 971 be as in the theorems; we will show that the conclusion of the second 
theorem is not always valid without some sort of surjectivity/splitting assumption on A. Indeed, 
supposing that K n (A) — > K n (A/m r ) © K n (A) is injective for r > 0, we see from the second long 
exact sequence of corollary 11.71 that 



"km" K n+1 (A/m r ) © K n+1 (A) -> "lim" K n+1 (A/M r ) 

r r 

is surjective. Since A — > A/9H splits after completion, the map "hin"^ K n +i(A/9JV) — > K n +i(A/'0JV) 
is also surjective, and so we conclude that 

K n+1 (A/m) © K n+1 (A) ->. K n+1 {A/m) 

is surjective. Supposing that A —> A/m splits (i.e., A has a coefficient field), the map K n +\(A/m) — > 
K n +i(A/9Jl) factors through K n +x(A), and so we see that in fact 

K n+1 (A) -> K n+1 (A/M) 

is surjective, which of course need not be true. 

For example, let A be the local ring of the singular point on the nodal curve Y 2 = X 2 (X + 1) 
over a field k. Then the map 

K 2 (A) -> K 2 (A/m r ) © K 2 (F) 

is not injective for any r > 0; to prove this using the above argument we must show that K$(A) — > 
K^A/dR) is not surjective: 

Well, B := A is the semi-local ring obtained by localising C := k[t] away from two distinct 
points Xi,X2 G Aj.. Quillen's localisation theorem implies that there is a short exact sequence 

-> X»(k) -> K.(B) -> K*-i(k)^0. 

x£Aj.\{xi,X2} 

However, in the case * = 3, the boundary map (B x ^ XuX2 d x : K 3 (B) -> (B x ^ XuX2 K 2 (k) is 
already surjective when restricted to the symbolic part K^ yra (B) of Kz{B)\ this is because K 2 (k) 
is generated by symbols and the tame symbols satisfy 



d x {0i,9 2 , ty} 



{6i,02} x = y 
x j£ y, 
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if x, y € Ai, 6{ € fc x , and ij, G fc[i] is a local parameter at y. 

Writing iq nd = K z /K syra as usual, this implies that Kf d {k) ->■ Kf d (B) is surjective. So, if 

i^ nd (5) -> ^ nd (B/OT B ) = i^ nd (/c) © K^ ld (k) 

were surjective (which would certainly follow from the surjectivity we are aiming to disprove), 
we would deduce that the diagonal map K™ d (k) — > K™ d (k) © K™ d (k) were surjective. However, 
K™ d {k) is non-zero: for example, its n-torsion is -ff°(fc,/x® 2 ) for any n not divisible by charfc by 
[31] , and this is non-zero by picking any such n such that fi n C k x . This completes the proof. 

In fact, with A still being the local ring of the singular point at a node, one can even show 
that K 2 {A) — > K 2 (A) © K 2 {A) is not injective. The argument was given in [351 Prop. 2.14]: it is 
very similar, using the excision sequence for Weibel's homotopy invariant if-theory to reduce to 
the same non-surjectivity assertion. 

2.4 Application to KH -theory 

Now we turn to applications of the main theorems of the previous section. 

For a ring R, we denote by KH{R) Weibel's homotopy invariant if -theory 58J, and we write 
K slng (X) for the homotopy fibre of K(X) —> KH(X) (there does not appear to be a standardised 
name for this fibre, but it certainly captures information about the singularities of R; if R is 
ifo-regular then KH{R) = KV{R) and so K sin ^(R) = K nil {R)). Recall that KH-theory satisfies 
excision, is invariant under nilpotent extensions, and agrees with if-theory on regular rings. 

If A is a one-dimensional, Noetherian, reduced, semi-local ring with finite normalisation, then 
the S'-analytic isomorphism A — > A yield homotopy cartesian squares in both if-theory and KH- 
theory: 

K{A) K(FmcA) KH(A) ^ AT(Frac A) 



K{A) ^ if(Fracl) KH{A) ^ if (Frac A) 

Taking homotopy fibres shows that K sln6 (A) = K slns (A); i.e., K slng is an analytic invariant of A. 
The main purpose of this section is to establish the 'In particular claim' of the next theorem; first 
we need a lemma, which we prove in greater generality than required: 

Lemma 2.12. Let A be a one- dimensional, Noetherian, reduced ring, with finite normalisation A 
and conductor ideal f = ArmA(A/A) C A; let J' be a radical ideal of A contained in ^ff (the radical 
of f inside A ), and set J — An J . 

(i) Then KH(A, J) ~ K(A, J'). 

(ii) Moreover, for each n > 0, 

K s n m s(A) Si "lim" tt„ hofib (K(A/J r , J/J r ) -> K(A/J' r , J'/ J"')). 

r 

(Hi) Hence, for each n>0, K^ ln9 (A) is a direct summand of 

tt„ hofib (K (A/ J r , J/J r ) -> K(A/J ,r , J'/J lr )) 

for r>0. 
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Proof, f := J' flf is an ideal of both A and A, whose radical in A is J and whose radical in A is J. 
Therefore KH(A, f) ~ KH(A, J) and KH(A, f ) ~ KH(A, J'). Moreover, the rings A and A/ J' 
are regular (the latter is a finite products of fields) whence KH(A, J') ~ K(A, J'). The proof of 
the first claim is completed by noting that KH(A,f) ~ KH(A,f) since KH satisfies excision. 

For the second claim, we offer a quick, slightly informal proof using formal systems of spectra; 
the cautious reader may replace our 'homotopy cartesian diagrams of pro-spectra' by statements 
about the pro relative groups. 

The square of spectra 

KH{A) ^ K{A) 



KH(A/J) ^ K(A/J') 

is homotopy cartesian by the first part. Meanwhile, according to proposition [TT7l the square 

K{A) K{A) 



ii ]^m ,, r K(A/J r ) ^ "hm" K(A/J' r ) 

is homotopy cartesian; taking homotopy fibres from the first square to the second, we deduce that 

K sin s(A) * 



"\im" r K(A/J r , J/J r ) ^ "fim" r K(A/J' r , J'/J' r ) 

is homotopy cartesian, which completes the proof. □ 

Theorem 2.13. Let A be as in the previous lemma, and assume further that it is semi-local, 
contains afield, and that K n (A) — > K n {A/m) is surjective for alln> 1 (e.g., A local and containing 
a coefficient field). Then the kernels (resp. cokernels) of the maps 

K n (A) -> KH n (A), "lim" K n (A/m r , m/m r ) -> "lim" K n (A/M r , m/W) 

r r 

are naturally isomorphic for all n> 1. In particular, 

K n (A) -> K n (A/m r ) KH n (A) 

is infective for r>0. Here we use our standard notation that m, 9JI are the Jacobson radicals of 
A, A. 



22 



if-THEORY OF ONE-DIMENSIONAL RINGS 



Proof. The surjectivity assumption implies that the long exact sequences for the K and KH- 
theories of A — > A/m break into short exact sequences: 

K n (A,m) ^ K n {A) K n {A/m) »- 



KH n (A,m) KH n {A) KH n {A/m) 

Thus the left square in the diagram is bicartesian, and so the vertical arrows have the same 
kernels and cokernels. Theorem 12 .61 then completes the first part of the proof, since KH n (A,m) = 
K n (A, 9Jt) by the previous lemma. 

The 'In particular' claim is an immediate consequence since our surjectivity assumption implies 
that K n (A/m r ,m/m r ) C K n {A/m r ). □ 

2.5 Geller conjecture in FINITE CHARACTERISTIC 

Now we turn to applications to Geller's conjecture. S. Geller's conjecture, raised in 1986 [TB], is 
the following: 

"Let A be a one-dimensional, Noetherian, reduced local ring, with total quotient field 
F. Then the map Ki(A) — > K 2 {F) is injective if and only if A is regular." 

Of course, the 'if direction is a classical theorem of K. Dennis and M. Stein [TTJ Thm. 2.2]. Geller 
herself established the conjecture provided that A has equal characteristic, perfect residue field, and 
seminormal singularities. Except for this seminormal case there has been no progress on Geller's 
conjecture in finite characteristic. As discussed in the introduction, Krishna [29] reduced Geller's 
conjecture in characteristic zero to an Artinian analogue, just as Cotinas, Geller, and Weibel [8] 
had done earlier for Berger's conjecture on differential forms. 

Using similar ideas we offer the following complete solution to Geller's conjecture for equal 
characteristic rings with perfect residue of finite characteristic: 

Theorem 2.14 (Geller conjecture in characteristic p). Let A be a one-dimensional, Noetherian, 
reduced, local ¥ p -algebra whose residue field is perfect and with finite normalisation. Suppose that 
the map 

K 2 {A) — > K 2 (F) 
is injective, where F is the total quotient ring of A. Then A is regular. 

Proof. As usual, let m denote the maximal ideal of A, and CUT the Jacobson radical of A. Let A be 
the m-adic completion of A; we will show it is sufficient to prove the theorem for A in place of A. 
We first claim that A is reduced and has finite normalisation. Indeed, by flatness of completion, A 

embeds into A = A ®a A, which is a finite product of complete discrete valuation rings since A is 

a finite product of discrete valuation rings; therefore A is reduced. This shows moreover that A is 
normal and finite over A, whence it is the integral closure of A, completing the proof of our claim. 

The map A — > A is an 5*-analytic isomorphism |57) . where S is the set of non-zero-divisors of 
A, and so there is a resulting long-exact Mayer- Vietoris sequence 

► K n (A) -> K n (F) ® K n (A) -> K n {F) 
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where F is the total quotient ring of A. From the assumption that K%(A) — > K^F) is injective, 
the long-exact sequence implies that K2 (A) — ¥ K2(F) is injective; moreover, A is regular if and 
only if A is regular, since the two rings have the same dimension and isomorphic tangent spaces. 
Therefore we may replace A by A in the rest of the proof. Since any complete, Noetherian, local 

ring of equal characteristic contains a coefficient field 6, Thm. 9], and since A is a finite product 
of such rings, we may therefore henceforth assume that the morphisms A —> A/m and A —> A/VJl 
split. 

In remark |2"T21 we pointed out that " hW^ K2(k[t]/ (t r ), (t)) — if k is any perfect field of finite 
characteristic. Since A/DJl r is a finite product of such truncated polynomial rings, we deduce 
that " h^n " K2(A/9Jl r , 9Jt/9JF) = 0. The short exact sequence of theorem 12.61 therefore yields a 
surjection 

K 2 (A,m) ->■ "hm" K 2 (A/m r ,m/m r ) ® K 2 (A,m) 

r 

(even an isomorphism). But K2(A, m) — > K2(A,DJl) is injective: this follows from our hypothesis, 
the injectivity of K2(A) — > ^(F), and the fact that our splitting assumption implies K2(A,m) C 
K2(A) and K2(A,9Jl) K2(A). We therefore conclude that the projection map 

"Hm" K 2 {A /m r ,m/m r ) © K 2 (A,M) -> K 2 (A,M) 

r 

is injective, whence 

'dim''if 2 (yVm r ,m/m r ) = 0. (t) 

r 

Each group K2(A/m r ) is generated by Steinberg symbols, whence the transition maps K2(A/m r+1 ) —> 
K2(A/m r ) are surjective; since K2(A/m r , m/m r ) is contained in K2(A/m r ) for all r, thanks to the 
splitting of A/m r — >• A/m, it follows that the transition maps 

K 2 {A/m r+ \m/m r+1 ) -> i^ 2 (A/m r , m/m r ) 

are also surjective. Therefore the vanishing of the formal projective limit (f ) implies the vanishing 
of the individual groups: K2(A/m r , m/m r ) = for all r > 1. To complete the proof, it therefore 
suffices to prove the following claim: 

If A is not regular, then K2(A/m 2 , m/m 2 ) is non-zero. 

Well, if A is not regular, then dim^m/m 2 > 2, where K — A/m; let x,y £ m/m 2 be linearly 
independent elements. There are various ways to show that the Dennis-Stein symbol 

(x,y) G K 2 {A/m 2 ,m/m 2 ) 

is non-zero, which will complete the proof, the easiest of which is probably the following. The 
Maazen-Steinstra presentation of K2(A/m 2 , m/m 2 ) using Dennis-Stein symbols [331 Thm. 3.1] 
readily implies that there is a well-defined homomorphism (having fixed a splitting of A — > K) 

K 2 (A/m 2 , m/m 2 ) — ► (f\ K A/m 2 ^j /{a A b : a or b is in K) S m/m 2 , (a, 6) h> a A 6, 

where at least one of a, G A/m 2 belong to m/m 2 ; this takes (x, y) to x A y G /\k m / m2 : where it 
is non-zero by choice of x and y. □ 
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Remark 2.15. A more detailed way to finish the previous proof, when p > 2, is the following. 
Firstly, the logarithm isomorphism [33j Eg. 3.12], which exists if p > 2, 

K 2 (A/m 2 ,m/m 2 ) ~ Ker(fi^ /m2 -> fi^)/rf(m/m 2 ) = fi^ /m2 /d(m/m 2 ) 

sends (x,y) to ydx. The form ydx is non-zero here because there is an isomorphism 8 ( Corol. 3.2] 

2 

/y^m/m 2 -4 £l^ /m2 /d(m/m 2 ), aAb^adb. 
Compare with the lemmas of section f3. 31 

2.6 Relation to cyclic homology in characteristic zero 

The aim of this section is theorem 12.191 below, offering an alternative to Geller's conjecture in 
characteristic zero. The key tool however, which likely has other applications and depends crucially 
on our main theorem 12.61 is corollary 12.171 stating the the kernel of a map between if -groups is 
isomorphic to the analogous kernel for cyclic homology. 

We start with the cyclic homology version of our main theorem [ 



Proposition 2.16. Let A be a one-dimensional, Noetherian, reduced, semi-local Q-algebra with 
finite normalisation, and let n > 0. Then the natural square 

HC n (A,m) HC n (A,m) 



"hm" r HC n (A/m r ,m/m r ) > "hm" r HC n (A/Wr,Wl/M r ) 

is bicartesian in ProAb, where all cyclic homologies are taken with respect to Q. 

Proof. The proof is essentially the same as for if -theory, so we will be brief. Firstly, G. Cortihas' 
[7] proof of the KABI conjecture implies that we may replace K n by HC n -i in the vanishing result 
of corollary 1 1.71 hence the subsequent long-exact, Mayer- Vietoris sequences remain valid for cyclic 
homology in place of if -theory. In particular, there is a long exact, Mayer- Vietoris sequence 

► HC n (A,m) -> "Urn" HC n (A/m r , m/m r )®HC n (A, SOI) -> "hm" HC n (A/M, SDT/SQf) 

r r 

so to complete the proof it is sufficient to show that 

HC n (l,m) -> "lim" Hc n {A/m,m/m r ) 

r 

is surjective. Fortunately, lemma f2T3l implies that the right side of this morphism is 

in — 1 . on / JO'n — 1 



w-1 



Since Kei(HC n (A) — > HC n (A/9Jl) contains a direct summand isomorphic to Ker(f2^-/G?f2 ~ 
^k/m^^X/mt^' 0116 SeeS ^ ia ^ ^ e d esrre d morphism is surjective. □ 
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Corollary 2.17. Let A be as in the previous theorem and let n > 1. Then the kernel (resp. 
cokernel) of the maps 

K n (A,m) -> K n (A,M), HCn-t^m) -> #C n -i(I,97l) 
are naturally isomorphic. 

Proof. This is a consequence of the previous proposition, the analogous theorem for X-theory 
(namely theorem I2.6[) . and the Goodwillie isomorphism. □ 

Before we can use the corollary to prove the main theorem of the section, we need a 'cyclic 
homology criterion for smoothness'. In the following result we denote by £l R i k the de Rham mixed 
complex of a fc-algebra R, whose Hochschild and cyclic homologies are respectively HH n (Q, R , k ) = 
Q R/k and HC n (n' a/k ) = H n R/k /dil R ^ k ® H^ 2p (R/k). 

Lemma 2.18. Let k C K be an extension of characteristic zero fields, and let R be an essentially 
finite type K-algebra which is not smooth over K . Then the natural map 

HC k n {R) -+ HC n (n R/k ) 

is not infective for some n > 2. 

Proof. The Hochschild homology criterion for smoothness [2], which offers an converse to the 
Hoschschild-Konstant-Rosenberg theorem, says that if R is a finitely generated algebra over a 
field K, then & R / K —> HH^(R) is an isomorphism for all n > if and only if R is smooth over 
K. Obviously this remains valid if R is merely essentially of finite type over K, but we will also 
need to be able to replace K by k, which we do as follows. 

According to the Kiinneth decomposition and base change for Hochschild homology, one has 
isomorphisms of graded algebras 

HH k ;(R) ® k K^ HH?(R ® k K) HH?{R) ® K HH?(K ® k K) 

- HH?{R) ® k n* K/k 

Using the same decomposition for de Rham complexes, we see from faithfully flat descent that if 
^*R/k HH k (R) were to be an isomorphism, then so would be Q* R / K —> HH^ (R). In conclusion, 
since we are assuming R is not smooth over K, we deduce that Q R f k — > HH*(R) is not an 
isomorphism for some n > 0. 

Next, the following result may be proved by a straightforward induction using the SBI se- 
quences: if C. — > D, is a morphism of mixed complexes such that HH n (C,) — > HH n (D,) is 
surjective for all n > and such that HC n (C m ) — > HC n (D t ) is injective for all n > 0, then in fact 
HC n (C,) — > HC n (D,) is an isomorphism for all n > (and so HH n (C,) — > HH n (D t ) is also an 
isomorphism for all n > 0). 

So, letting C k (R) denotes the Hochschild complex of R as a fc-algebra, the usual morphism of 
mixed complexes C k (R) — > Q' R / k induces a surjection on the associated Hochschild homologies, 
but not an isomorphism by what we saw above; therefore the induced map on the cyclic homologies 

HC k n {R) -> HC n (ST R/h ) 

is not injective for some n > 2 (it is an isomorphism for n = 0, 1), as desired. □ 
Now we are equipped to prove our higher degree alternative to Geller's conjecture: 



20 



if-THEORY OF ONE-DIMENSIONAL RINGS 



Theorem 2.19. Let A be a one-dimensional, reduced, semi-local ring which is essentially of finite 
type over some characteristic zero field K , and assume that A is not regular. Then the map 

K n (A) -> K n (FmcA) 

is not injective for some n > 3. 

Proof. Just as we replaced A by its completion in the proof of theorem l2.14[ here we may replace 
A by a large enough finite extension to ensure that A — >• A/m and A — >• A/DJl split. Then 
K n (A,m) C #„(A) and if„(A,9JT) C iT n (A), so it is enough to prove that K n (A,m) -> if„(A,S!Jl) 
is not injective for some n > 3. According to the previous corollary, it is therefore sufficient to 
prove that HC n (A, m) — > HC n (A,9Jl) is not injective for some n > 2. 

Well, by the previous lemma we may find n > 2 and x G HC n (A) such that x vanishes in 
ffC n (fi^ /Q ). Since #C n (A/m) - HC n (Sr (A/m)/Q ) and iJC„(l) - HC n (fi^ /Q ), we deduce that z 

vanishes in both HC n (A) and iJC„(A/m), so belongs to -ffC ra (A,m) C HC n (A); this completes 
the proof. □ 

Remark 2.20. Using the same techniques, it appears possible to strengthen the conclusion of the 
previous theorem to 'not injective for infinitely many n > 3', but we have not seriously checked 
the details. 



3 The case of finite residue fields 

In this section we use the pro-excision results from section [1] to study one-dimensional, Noetherian, 
reduced rings with finite normalisation, all of whose residue fields are finite: e.g., orders in number 
fields, affine reduced curves over finite fields, and local versions of these. Notice that corollary II .71 
applies to such rings. Before specialising to the arithmetic setting, we begin by establishing some 
general results. 

We need the following: 

Lemma 3.1. Let R be a finite ring. Then K n (R) is finite for all n > 1. 

In particular, if A is a one-dimensional, Noetherian, reduced ring all of whose residue fields 
are finite, and I C A is an ideal such that A/ 1 has finite length, then K n (A/I r ) is finite for all 
r,n> 1. Hence lim^ K n (A/I r ) is a profinite group. 

Proof. I am grateful to V. Angeltveit for explaining the argument to me. Firstly, Bass stability 
implies that, for any fixed n, H n (BGL(R)+ ,Z) = H n (GL(R),Z) = H n {GL m (R) , Z) for m suffi- 
ciently large, and H n (GL m (R),Z) is finite for n > 1 since GL m (R) is a finite group. Thus all the 
integral homology groups of degree > 1 of the if-theory space BGL{R) + arc finite. 

Since BGL(R) + is an infinite loop space, its tti acts trivially on its 7r„ for all n > 1, so the 
theory of Serre classes tells us that 

n n (BGL(R) + ) is finite for all n > 1 H n (BGL(R)+ ,Z) is finite for all n > 1, 

completing the first part of the proof. 

The 'in particular' claim follows from the fact that A/I r is finite for all r > 1. □ 

Proposition 3.2. Let A be a one-dimensional, Noetherian, reduced ring with finite normalisation, 
all of whose residue fields are finite. Then 

K n (A) -> K n (A) 
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has finite kernel and cokernel for all n > 1. 

Moreover, if £ is a prime number invertible in A/f, where f denotes the conductor of A — > A, 
then the kernel and cokernel have no (-torsion. 

Proof. Consider the following diagram of spectra 

K{A, B, f) K(A, f) K(B,f) 



K(A) ^ K(B) 



K(A/f) - K(B/f) 

in which the two columns and the top row are fibre sequences. According to proposition I f A\ iv) . 
if n > 1 then K n (A, B, f) embeds into K n (A/f , B/f , f/f ) for r > 0; but this latter group is 
finite by the previous lemma, and so K n (A, B, f) is finite. Hence, in the Serre quotient category 
Ab/FinAb we have K n (A,f) ^ K n (B,f) and K n (A/f) ^ K n (B/f) ^ for all n > 1; the claim 
follows. 

If £ is a prime number invertible in A/f, then the relative groups K n (A, f), K n (B, f r ) have no 
^-torsion by [56l Consequence 1.4]. Repeat the previous argument, replacing the category FinAb 
by the category of finite abelian groups without ^-torsion. □ 

Our next aim is to show that the long exact, Mayer- Vietoris sequences of formal pro groups 
from section [1] can actually be realised to the level to profinite groups; this is a formal consequence 
of the following lemma: 

Lemma 3.3. Let 

>A n -> "hm" A n (r) -> "lim" B n {r) -> A n _ x -> • • • 

r r 

be a long exact sequence in Pro Ab, where A n , A n (r), B n (r) £ Ab. Suppose that the group B n (r) is 
finite for all n, r. Then the resulting complex of groups 

> A n -> lim A n {r) -> limB„(r) A n _ x ■■■ 

r r 

is exact. 

Proof. The proof is a case of checking that the Mittag-Leffler condition is satisfied in all the neces- 
sary places. There is no loss of generality in assuming that the maps " hm " A n (r) — > " hm" B n (r) 
are strict, i.e. come from a family of compatible maps A n (r) — ?• B n (r). 

The boundary map "lim" £?„+i(r) — > A n factors through B n (r) for r 3> 0, hence its image I n 
is a finite subgroup of A n . Next put I n (r) — lm(A n (r) — > B n (r)), which is finite since each B n {r) 
is finite. This breaks up our long exact sequence into short exact sequences as follows: 

-> A n /I n -> "lim" A„(r) -> "lim" 7„(r) -> 

r r 
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-> "Km" J„(r) -> "hm" B n (r) -> 7 n _x -> 

r r 

The realisation functor lim : Pro Ab — > Ab applied to these short exact sequences again gives 
short exact sequences: in the first case because hrn 1 of a constant system vanishes, and in the 
second case because Urn of a system of finite abelian groups vanishes. In conclusion we get short 
exact sequences of groups 

->■ A n /I n ->■ \hn A n {r) -> Um/ n (r) 

r r 

-> |m/„(r) -> |mB n (r) -> I„_i -> 0, 

r t" 

which may be spliced together to give the desired long exact sequence of groups. □ 

Corollary 3.4. Let A be a one- dimensional, Noetherian, reduced semi-local ring with finite nor- 
malsiation, all of whose residue fields are finite; let m, 9JI denote the Jacobson radicals of A, A. 
Then there are long exact Mayer-Vietoris sequences of (genuine) groups 

> K n (A) -> \\mK n {A/m r ) ® K n (B) -> KmK n (B/m r ) 

r r 

► K n (A,m) -> \imK n (A/m r ,m/m r ) © K n (B, 971) -> lim^ n (B/9Jl r , OT/9Jl r ) -> • • • 

r r 

Proof. This follows by applying the previous lemma to the exact sequences of example 11.81 □ 

In order to prove the analogue in the finite residue field case of our main theorem l2.8l we would 
like to check condition (i) of the following corollary; the corollary shows that this would follow 
from showing, informally, that Urn K n+ i(A/m r ) is 'open' in lim^ K n+ i(A/fW) and that K n+ \{A) 
is 'dense'. Despite being a conceivable 'continuity' property of if-theory, we will only be able to 
prove this in special cases. 

Corollary 3.5. Let notation be as in the previous corollary. Then the following are equivalent: 
(i) K n (A) -> K n (A/m r ) ® K n {A) is injective for r > 0. 
(it) |m r K n+1 (A/m r ) ® K n+1 (A) -t lim ; K n+1 (A/dJV) is surjective. 

Proof. Since the kernel of K n (A) — > K n (A) is finite by proposition ^. 21 one sees that (i) is equivalent 
to the injectivity of K n (A) —> hm K n (A/m r ) K n (A). The result therefore follows from the first 
long exact sequence of the previous corollary. □ 

3.1 The global case 

Here we apply pro-excision and the preliminary observations of the previous section to deduce 
finiteness properties of -ftT-groups of orders in number fields and non-smooth curves over finite 
fields. 

We begin with the geometric case. A celebrated theorem due to G. Harder [T!5] and C. Soule 
states that the higher if-groups of a smooth projective curve over a finite field are finite groups; 
we can remove the smoothness hypothesis: 
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Theorem 3.6. Let k be a finite field and X a one- dimensional, reduced scheme, separated and 
of finite type over k. Then K n (X) — > K n (X) has finite kernel and cokernel for all n > 1. In 
particular, if X/k is proper then K n (X) is finite for all n> 1. 

Proof. The first claim is a straightforward induction, using proposition l3.2[ on the number of affine 
patches required to cover X. Indeed, let it : X — > X be the normalisation map, and U, V C X 
an open cover of X such that the claim has been proved for U, V, and U H V. Then Thomason- 
Trobaugh Zariski descent [52j Thm. 8.1] provides us with long exact Mayer- Vietoris sequences 

• • • ^ K n (X) K n (U) © K n (V) K n (U n V) ^ • • • 



... >. Kn ( X ) >- K n (U)®K n {V) >- K n (UnV) >- ••• 

By hypothesis the right and central vertical arrows have finite kernel and cokernel for n > 1, 
whence the same is true of the left vertical arrow. 

The second claim follows by applying the Harder-Soule theorem to X. □ 

The analogue in the arithmetic case of Hardcr-Soule's result is that of A. Borel (4. and 
D. Quillen [55], stating the if -groups of the ring of integers of a number field are finitely gen- 
erated and precisely identifying their ranks. 

Theorem 3.7. Let F be a number field with ring of integers O, and let A C O be an order (i.e. 
any subring with fractions F ). Then K n (A) is a finitely generated abelian group and K n (A)<SiQ — > 
K n (0) ® Q is an isomorphism for all n > 1. 

Proof. A automatically satisfies the conditions of proposition 13.21 and A — O, whence the claims 
follows from Borel-Quillen. □ 

3.2 The local case: p-adic orders 

In this section we will apply pro-excision to the study of orders in p-adic fields. To simplify the 
exposition, we fix the following piece of terminology: a p-adic order is a ring A satisfying the 
following equivalent conditions: 

(i) A is a reduced Z p -algebra which is finitely generated and torsion-free as a Z p -module. 

(ii) A is a one-dimensional, Noetherian, reduced, complete semi-local ring, of mixed characteristic 
(0,p), and having finite residue fields. 

If A is a p-adic order then its total quotient ring Frac A is a finite product of finite extensions of 
Q p , and its normalisation A is the product of their rings of integers; the Jacobson radicals of A and 
A will always be denoted m and CUT respectively. Note that A — » A is a finite morphism because 
A, being complete, is excellent and hence has finite normalisation JTSJ 7.8.3]. 

It would be more straightforward (and intuitive) to assume A is a local domain, but this 
restriction would later cause problems. 

Example 3.8. Here we offer some examples and basic properties of p-adic orders. 
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(i) Let O be the ring of integers of a finite extension of Q p , and let p be the maximal ideal of O. 
Then Z p + p s is a p-adic order for any s > 1, whose normalisation is O and whose residue 
field is F p . 

(ii) Let 0i, . . . , O n be rings of integers of finite extensions of Q p , and let Pi, . . . ,p n denote their 
maximal ideals. Let k be a finite field contained in all Oi/pi, . . . , C„/p n ; e.g., k = ¥ p suffices. 
Then 

A := {(fi) E J^J Oi : /, mod pi belongs to k and does not depend on i} 
is a seminormal p-adic order with normalisation J\ i ®% and residue field k. 

(iii) Let A be a p-adic order. Hensel's lemma implies that A contains the Teichmuller lifts of its 
residue field A/m = ¥ q . Since A also contains Z p , we deduce it contains Z q := W (¥ q ). 

The topological K -groups of a p-adic order A, or indeed of any semi-local ring, are defined by 

K n op (A) := Tt n {K top (A)), K top {A) := holimif (A/m r ) 

r 

The following lemma is an essential tool for the study of the if -groups of p-adic orders, relating 
completed if-groups, topological Tf-groups, and X-groups with Z-coefHcients (which we comment 
on after the lemma): 

Lemma 3.9. Let A be a p-adic order. For all n>l, there are natural isomorphisms 

]pnK n (A/m r ) Si K%»(A) Si K n (A;Z). 

r 

Proof. The topological Tf-groups fit into short exact sequences 

-> ]^m 1 K n+1 (A/m r ) -> K n op {A) -> \^mK n {A/m r ) 0. 

r r 

But K n +i(A/m r ) is finite for all r (lemma [3. 1|) . so the ^im 1 term vanishes and we get isomorphisms 
K n op (A) = hm r K n (A/m r ) for n > 0. 

Next, since A is a finite Z p -algebra, A. Suslin [471 150] proved that the natural map if (A) — > 
if top (A) induces a weak equivalence after profinite completion: if (A) Jf top (yl) (the full 
argument can be found in the appendix of 22] ) . But profinite completion commutes with homotopy 
limits, and so 

K top {Af = holim (K(A/m r f) ( = 3 holi mj ft:(A/m r ), 

r V J r 

where the final equality follows again from the fact that K(A/m r ) has finite homotopy groups, at 
least if we ignore ttq: thus (*) is actually only an equality if we restrict to a connected component 
of each side. Hence n n (K (A) ) = K n op (A)) for n > 0, establishing the second isomorphism. □ 

Remark 3.10. Recall that if -theory if*(— ;Z) = 7r*(if(— ) ) with Z-coefHcients is defined to be 
the homotopy groups of the profinite completion of the if-theory spectrum. It is described by 
short exact sequences 

0->Ext!(Q/Z,if„(-)) if„(-;Z) -► Hom z (Q/Z, #„_!(-)) ->■ 

->■ Um 1 if„(-)[A] -)■ Ex4(Q/Z,if n (-)) if„(-f -► 

A 

where A varies over positive integers ordered by divisibility, A [A] denotes the A-torsion of an abelian 
group A, and A = lim^ A/XA denotes the Z-completion of A. 
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Let F be a finite extension of Q p with ring of integers O. We must review the structure of the 
if-groups of O. For more details we refer the reader to the survey [53j §5]. 
Let i > 1, and set 

Wi(F) = #H°(F,n(i)), w^(F) = #H°(F,^(i)), 

where /i (resp. denote the group of all (resp. p-power) roots of unity in F als ; then 

ZM(F)Z - H°(F, M (i)), Z/™j p) (F)Z = H°(F, Mr (»)). 

Then /^(O) decomposes into a direct sum 

*T 2i (0)^ A(0)6Z/u;l p) (F)Z, 

where Di(0) is a divisible Z( p )-module. On the other hand, the e-invariant e : K 2 i_\{0) — > 
l Z/wi(F)'Z induces a direct sum decomposition 

K 2i - 1 (p)2iT i (p)®Z/wi(F)Z, 

where Ti(0) is a torsion-free Z( p )-module. 

Example 3.11. Consider the case n — 2 as an example. Let F be a finite extension of Q p and 
let fj,F C -F be the group of roots of unity inside it; put to = \pf\- Then the Hilbert symbol 
induces a surjective homomorphism H : K 2 (F) —tfip. A theorem of C. Moore [35] states that 
Ker_ff = mKzlF) and that this kernel is an uncountable, divisible group (even uniquely-divisible, 
by [35]) contained inside K 2 (0); moreover, K 2 (F) — ► \xp splits. 
Restricting to K 2 (0) one obtains a split short exact sequence 

— > KeriT = Di(O) — -> i^ 2 (0) — -> a4 p) = Z/^ p) (F)Z — > 

where /it)?' denotes the p-power roots of unity inside F . 

Using pro-excision we may generalise these descriptions to all p-adic orders, not merely rings 
of integers in local fields: 

Theorem 3.12. Let A be a p-adic order, and let i > 1. Then K 2 i{A) decomposes as a direct sum 

K 2l {A) = D t (A)®W^(A) 

where Di(A) is a divisible "L^-module and W^(A) is a finite p-group. On the other hand, 
K%i— i(A) decomposes as a direct sum 

where Ti{A) is a torsion-free -module and Wi(A) is a finite group. 

Proof. Let F = Fr&cA be the total quotient ring of A and let O — A be its normalisation. The 
claims are clearly true for O since it is a finite product of rings of integers of finite extensions of 
Q p ; therefore we may write Di(0), W i (O), etc. having the claimed properties. 
Proposition 13.21 implies that the kernel and cokernel of 

K 2l (A) -> K 2i (0) = Diip) © W?\0) 
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are finite p-groups. Therefore the kernel and cokernel of the composition K 2 i (A) -> Di(0) are finite 
p-groups; but divisible groups have no non-trivial finite images, so this map is actually surjective. 
The first claim now follows from the algebraic lemma 15. 18f ii) which we have postponed until the 
end of the section to avoid disrupting the exposition. 

For the odd case, the same argument implies that the kernel (resp. cokernel) of the composition 
K2i-i(A) — > K 2 i-i(0) -» Ti{0) is a finite group (resp. finite p-group). Its image is therefore a 
torsion-free Z( p )-submodule of T,(0), and so we deduce that K 2 i-\{A)\, QTS is a finite subgroup of 
K21— i(A). Finally use algebraic lemma l3".18lT j to see that 

-> X 2l -i(A)to rs -> K2i-i(A) -> K 2i _ l {A)/K 2i -i{A) tOTa -> 

splits. □ 

Remark 3.13. We stress that although the direct sum decompositions appearing in the proposi- 
tion are not unique, the summands themselves are. Firstly, Di(A) = C\ n>1 nK 2i (A) is the maximal 

divisible subgroup of K 2 i(A), and W^ P \A) is the quotient. Secondly, Ti(A) is the torsion subgroup 
of K 2 i-i{A), and Wi(A) is the quotient. 

Remark 3.14. Gabber rigidity [12] (and Quillen's calculation of the if-theory of finite fields) 
implies that Wi(A) <g) Z Z[±] ^ K 2i -i{A/m). 

From the proposition it is easy to calculate the JT-theory of p-adic orders with Z coefficients; 
also, recall from lemma I3~9l that K n (A;Z) = hm^ K n (A/m r ) for all n > 1: 

Corollary 3.15. Let A be a p-adic order, let i > 1, and continue to use the notation introduced 
in the previous proposition. Then there is a natural isomorphism 

K 2i (A;Z)^W^(A) 

and a short exact sequence 

->■ K 2z+1 (A)~ K 2i+1 (A; Z) ->■ Hom z (Q/Z, A (A)) -> 0. 

Proof. These readily follow from the standard short exact sequences for K*(— ; Z) given in remark 
l3T0l □ 

Now we may prove an arithmetic analogue of the main results in section [2. 3| unfortunately we 
can only prove it in odd degrees: 

Theorem 3.16. Let A be a p-adic order, and i > 1. Then there is a short exact sequence 
-+ K 2l ^{A) -► "Urn" K 2i -i{A/m r ) K 2l ^{A) -+ "lim" ^ 2i _ 1 (l/Sm r ) 

r r 

In particular, 

K 2i -x{A) -► ^ 2t _i(^/m r ) ^2i-i(l) 

zs injective for all r 3> 0. 

Proof. Applying lemma 13.91 and the previous corollary to A, we see that 
X 2i (l) -> hmX 2i (I/9JT) = ^ 2l (i;Z) = wf } (A) 

r 

is surjective. The claimed injectivity now follows from corollary 13.51 and then the short exact 
sequence follows from corollary 1 1.71 □ 
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We would like to prove the injectivity claim of the previous theorem in even degrees; such a 
result would imply that the first long exact Mayer- Vietoris sequence of example 11.81 breaks into 
short exact sequences, thereby fully extending the main results of section 12.31 to p-adic orders. 
Unfortunately, the best that we can offer in even degree is a list of equivalent conditions which 
reduces the problem to understanding the torsion in K 2 i(A), which is unfortunately a difficult 
problem whose solution is only know when i = 1: 

Proposition 3.17. Let A be a p-adic order, and let i > 1. Then the following are equivalent: 
(i) K 2l (A) -> K 2i (A/m r ) © K 2l {A) is injective for all r > 0. 

(ii) The natural map Homz(Q/Z, Di{A)) — > Homz(Q/Z, is surjective. 

(Hi) The natural map Di(A) — > Di(A) is injective. 

(iv) The natural map Di(A) — > Di(A) is an isomorphism. 

Proof. Corollary implies that W^\A) = K 2l (A)/D l {A) embeds into K 2l {A/m r ) for r > 0, 
from which (i)<J=>(iii) easily follows. Next notice that the map Di{A) — > Di(A) has finite kernel 
and cokernel by proposition 13.21 since the cokernel is divisible it is actually zero, and so this map 
is surjective. This proves (iii)<J=>(iv) and gives a short exact sequence 

-)• G -> Di{A) -> Di{A) -> 

where G is a finite group. The long exact sequence for ExtJ(Q/Z, — ) of this sequence degenerates 
to 

-> Hom z (Q/Z, Di(A)) -> Hom z (Q/Z, Di(A)) -> G -> 0, 
which proves (ii)<=>(iii). □ 

We finish this section by collecting together the various results from abstract algebra which 
were required in the proof of theorem 13. 121 

Lemma 3.18. (i) Let G be an abelian group and suppose that the subgroup of torsion elements 
Gtors has finite exponent. Then Gtors is a direct summand of G. 

(ii) Let 

be a short exact sequence of abelian groups, where B is finite and D is divisible. Then C is 
isomorphic to the direct sum of a divisible group and a finite group which is a quotient of B. 

Proof, (i) is a (perhaps unfamiliar) result from the theory of pure subgroups; e.g., see [44] 4.3.9]. 

(ii): Since B is finite, its lattice of subgroups nC tl B, n > 1, is eventually constant, equal 
to Boo Q B, say. In other words, there is a fixed integer m > 1 such that nmC n B = B^ for 
all n > 1. Since D is divisible, the natural map mC — > D is surjective, and so we obtain an 
isomorphism mC '/-Boo — D; moreover, Boo Q n n >i nrn C by construction, and so it easily follows 
that mC is a divisible group. 

Since C/B is m-divisible, the natural map B — > C/mC is surjective, and thus induces an 
isomorphism B/ Boo — > C/mC. In conclusion we obtain an exact sequence 

O^mC^C^ -B/Boo -> 0, 

where mC is a divisible group and B/ B^ is a finite group. But Baer's well-known criterion states 
that divisible groups are injective in the category Ab, and so this exact sequence splits. □ 
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3.3 p-ADIC ORDERS CONTINUED: K 2 AND GELLER'S CONJECTURE 

We continue to study pro-excision for p-adic orders, now focussing on K 2 and applications to 
Geller's conjecture in mixed characteristic. For ap-adic order A, lemma |3~51 and corollary 13. 151 tell 
us that 

K 2 (A; Z) = W[ P \A) = ^mK 2 {A/m r ) = K 2 (A/m r ) (r » 0), 

r 

which is a finite p-group. Moreover, example 13.111 implies that if A is normal then this group is 
simply the group of p-power roots of unity inside A. 

For K 2 of p-adic orders we can prove the full analogue of the main theorems of section 12.31 

Theorem 3.19. Let A be a p-adic order. Then D X (A) is torsion-free and there is a short exact, 
Mayer- Vietoris sequence 

-> K 2 {A) -> K 2 {A; % © K 2 {A) -> K 2 (A; Z) -> 0. 

Proof. Example 13.111 implies that is not merely divisible, but is also torsion- free. Hence 

Hom z (Q/Z,Di(.A)) = 0, so condition (ii) of proposition |3~J"71 implies that K 2 (A) -> K%{A/m r ) © 
#2 (-2) is injective for r > and that D X (A) = D X (A). Also, K X (A) = A x -> ifi(A) = A x is 
injective. Combining these two results with the long exact sequence of corollary 13.41 implies that 
there is a short exact sequence 

->• tf 2 (A) -> HmK 2 (A/m r ) © JT 2 (A) ->■ limi^l/WT) 0, 

r r 

which is the desired result. □ 
A useful diagrammatic way to restate the theorem is the following: 

D X (A) K 2 (A) K 2 (A;Z) 

D X (A) K 2 {A) ^ K 2 (A;Z) ^ 

Thus the right square is bicartesian and all reasonable questions concerning the central vertical 
arrow can be reduced to an analogous question for the right vertical arrow. In particular we obtain 
the following, which reduces Geller's conjecture in mixed charactersitic to an Artinian version (c.f., 
the opening paragraph of section I2.5[) : 

Corollary 3.20. Let A be a one- dimensional, Noetherian, reduced local ring of mixed characteristic 
(0,p), with finite residue field, and with finite normalisation. Consider the following statements: 

(i) K 2 (A) — > K 2 (Fra,c A) is injective. 
(ii) K 2 (A) — > K 2 (Fra,c A) is injective. 

(Hi) K 2 {A;Wj) — > K 2 (A;Z) is injective. 

(iv) K 2 (A/m r ) — ► K 2 (A/M r ) is injective for r > 0. 
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Then (i)=>(ii)<=>(iii)«=>(iv). 

Proof. (i)=>(ii) is proved exactly as in the proof of theorem 12.141 The remaining equivalences are 
clear in light of the above bicartesian square since A is a p-adic order. □ 

Using the corollary and a handful of lemmas which we postpone until afterwards, we can now 
present the first ever results on Geller's conjecture in mixed characteristic. We can rarely show 
that A is regular, i.e., embdimA = 1, but only that embdimA < 2. This is a consequence of the 
inability of our methods to detect the crucial element p e A. 

Theorem 3.21. Let A be a one- dimensional, Noetherian, reduced local ring of mixed characteristic 
(0,p), with finite normalisation, with finite residue field. Assume p > 2 and suppose that at least 
one of the following is true: 

(i) Frac A contains no non-trivial p-power roots of unity; or 

(ii) A is seminormal; or 

(Hi) A is local and all p-power roots of unity in Frac A belong to A. 

If the map K2{A) — > (Frac A) is infective then embdimA < 2. 

In fact, in case (i), if p £ m 2 then we actually prove that embdimA = 1. 

Proof. Using corollary 13.201 we see that we may replace A by its completion, which is a local p-adic 
order. Let ¥ q = A/m and recall from example 13.81 that Z q C A. 

(i) : Assume first that Frac A, hence A, contains no non-trivial p-power roots of unity. Then 
K2(A; Z) = 0, so again using the corollary we deduce that if K2(A) — > ^(Frac A) is injective then 
K2(A/m r ) — for r 3> 0; but since K^A/rcC) — > K2(A/m 2 ) is surjective, this would imply that 
K 2 (A/m 2 )=0. 

Therefore, according to proposition 13.261 below. m/(m 2 + p1 q ) =0; i.e., 

dim Fq m/ (m 2 + pZ q ) < 1, 

from which (i) and the final claim follow. 

(ii) : Now assume instead that A is seminormal. By standard theory of seminormal rings (we 
refer the reader to any of [10, 43, 54/15] for such standard theory), A has the following description: 
If qi, . . . , q m are the minimal prime ideals of A, and Ii := Hjjj Qjt then the maximal ideal of A is 
ttl = I\ + • • • + I m and this sum is direct. 

We first treat the case m > 2. In that case there clearly exist indices a ^ (3 and elements 
x € I a i y € Ip such that x, y,p are linearly independent in m/m 2 = ii// 2 © • • • © I m /I 2 n . Then the 
Dennis-Stein symbol (x,y) £ K2(A) vanishes in K^iA/qi) for all i, since each contains x or y, 
hence vanishes in K2(A); but (x,y) has non-zero image in K2(A/m 2 ) by proposition 13.261 and by 
choice of x,y. This shows that K2(A) — > K2(A) cannot be injective in this case. 

Next suppose that m = 2, so that 

A = {(/i,/i) € A/h x A/T 2 : fi mod p x = f 2 mod p 2 € FJ, 

where pi denotes the maximal ideal A/ Ii, which is the ring of integers of a finite extension of Q p . 
There are two subcases to consider. Firstly, if the images of p in I\jl\ and I2/I2 s P& n neither of 
these spaces, then there exist x € I\ and y & h such that x,y,p are linearly independent in m/m 2 , 
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and the same proof as in the case m > 2 works. Secondly suppose that the image of p in 
spans this space; this case is trickier. Since h/I 2 is the tangent space of the p-adic order A/I2, we 
deduce that A/I 2 is both regular and unramified, i.e. A/I 2 = W(¥ q ). Let ( be a generator of the 

(possibly trivial) group of p-power roots of unity in A/I\; then, in the notation above, A contains 
the p-power root of unity (£, 1) and hence contains the Z g -subalgebra O it generates, which can 
be identified with the ring of integers of Q g (C)- Thus the composition 

K 2 (0; Z) -> K 2 (A; Z) -> K 2 {A/h; % 

is an isomorphism. Assuming henceforth that isTa(A) — > K 2 (A) is injective implies (using corollary 
13.201 and the fact that K 2 {A/ I 2 ]H) = 0) that the second arrow in this composition is injective; 
therefore the second arrow is actually an isomorphism and the first arrow is a split surjection. 

Hence K 2 (0/n 2 ) — > K 2 (A/m 2 ) is surjective, where n denotes the maximal ideal of O. Rewriting 
these K 2 groups in terms of differential forms using lemma 13.241 and applying the standard exact 
sequence for differential forms, we see that ^A/m 2 )/(o /n 2 )/ 'd{A/m 2 ) = 0. Finally, from a slight 
modification of lemma [3.251 this can be rewritten as 

/\^m/(m 2 + ^O) = 0, 

where ir is a uniformiser of O. Just as we finished the proof of part (i), this implies embdimA < 2. 

(in): Finally, if A is local and all p-power roots of unity in Frac^4 belong to A, then the proof 
of the final case of (ii) works verbatim. □ 

Example 3.22. Let p > 2 be prime and let q = p l be a power of p. Then A := Z p +p s Z g is a p-adic 
order with normsalisation Z g , maximal ideal m = pZ p + p s 7L q , residue field F p , and embedding 
dimension dim^ m/m 2 = 1 + 1. Indeed, an F p basis for m/m 2 is given by p, p s 8i, i = 1, . . . , I, where 
{9i} are Teichmuller lifts of a basis of F g as a F p -space. 

So, assuming that 1^1, part (i) of the theorem implies that K 2 (A) — > K 2 (Z q ) is not injective. 
However, if I = 1 then dimp m/(pZ p + m 2 ) = 1 and so K 2 (A/m 2 ) = 0, telling us nothing about the 
putative injectivity of K 2 (A) — > K 2 {^L q ). It seems likely that the Dennis-Stein symbol (p,p s 9i) G 
K 2 (A/m r ) will be non-zero for r 3> 0, which would prove non-injectivity of K 2 (A) — > K 2 (Zq), but 
I cannot prove it. 

The theorem required various explicit descriptions of K 2 (A/m r ), especially when r = 2, which 
we establish in the remainder of this section by modifying various classical results such as those in 
[33] and [55]: 

Lemma 3.23. Let R be a ring containing a nilpotent ideal I ; let N be the smallest integer for 
which I = 0, and assume that N\ 6 R x . Then there is a natural isomorphism 

K n {R, I) = HCi(R, I). 

Proof. If N — 1 then both sides vanish; assume henceforth that N > 1. So, in particular, 2 is 
invertible in R, which implies that HCq, HC\ and HC 2 may be defined using Connes' complex 
rather than the cyclic bicomplex: see the remark in [32l §2.1]. So the relative group HCi(R,I) 
admits the following description: First let Ci(R,I) be the submodule of R <Eiz R generated by 
symbols a <S> b where at least one of a, b lies in /; then HCi(R, I) is the abelian group obtained by 
quotienting C\ (R, I) by the relations 

ab (£> c — a <g> be + ca <£> b = (a, b, c G R, at least one in /) 
a ® b + b ® a = (a, b e R, at least one in J) 
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On the other hand, F. Keune [55J Thm. 15] proved that K 2 (R, I) admits the following descrip- 
tion by Dennis-Stein symbols: It is the abelian group generated by symbols (a, 6), where a, b G R 
and at least one of a, b lies in /, modulo the relations 

(a, b) = -{-b, -a) 

(a, b) + (a, c) = (a, b + c + abc) 

(a, be) = (ab, c) + (ac, b) 

In the case when R — > R/I is split, and with the same hypothesis that N\ <E R x , H. Maazen 
and J. Stienstra [331 E.g. 3.12] explicitly constructed an isomorphism 

K 2 (R,I) = Ker(fl R fl R/I )/dI = Hd(R,I), (a,b) h-> l(a,b)da, 

where l(X,Y) is a formal logarithm function. Their proof works verbatim in the general situation 
when R — > R/I is not necessarily split, replacing l(a, b) da by l(a, b) Cg a S HC\(R, I). □ 

Next we pass from the relative groups to the absolute ones: 

Lemma 3.24. Let R be a finite ring with Jacobson radical 3Jt, and suppose that R/9JI is a finite 
product of finite fields of characteristic p. Assume that SJP -1 = 0. Then there is a natural 
isomorphism 

K 2 (R) = V R /dR 

Proof. The relative group K2(R,9Jl) is a Z( p )-module, while K^R/^Xfl) is a finite group of order 
prime to p (thanks to Quillen's calculation of the if-theory of finite fields); therefore the map 
K^R/Wl) — > K 2 (R,'0JI) is zero. Moreover, K 2 (R/^0V) = 0, again because R/9JI is a finite product 
of finite fields, and so we have proved that K 2 (R 1 '!XSi) = K 2 (R). 

Now we will prove the analogous result for cyclic homology, which will finish the proof (using 
the previous lemma). Notice that it does not matter whether we compute HH and HC with 
respect to Z or with respect to the image of Z inside the ring under question; we will freely pass 
between the two without indictation. Since R/VJl is a finite product of finite fields of characteristic 
p, it is smooth over F p and = for * > 1. The Hochschild-Kostant-Rosenberg theorem 

[321 Thm. 3.4.4] and SBI sequence therefore implies that HC 2 {R/M) = HC {R/M) = R/DJl. 
The existence of Teichmiiller lifts easily implies that HCo(R) — > HCq(R/3R) is surjective, and 
therefore HC 2 (R) — > HC 2 (R/9Jl) is surjective. Moreover, HCi(R/ i M) = 0, completing the proof 
that Hd (R, 971) = HCi (R) = Q R /dR. □ 

Next we specialise to the case of a square-zero ideal: 

Lemma 3.25. Let R be a ring containing an ideal I such that I 2 = and such that 2 G R x . 
Assume that the composition H^ R (R) — > R — > R/I is surjective, and let k be any subring of 
H® R (R) which surjects onto R/I. Then there is a natural isomorphism of k-modules 

f\ R/ l^n R /dR, aAb^adb, 

where I := I /I n k. 
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Proof. First notice that R = k + I, though not necessarily as a direct sum, and that f2}j = f^/ fe , 
so we may work with fijjy fc throughout; we will identify with HCi(R) via a db -R- a<E)b, which 
has the following presentation: it is the quotient of R R by the fc-submodule generated by 

ab ® c — a ® be + ca <£> b = (a, 6, c € i?), 
a(g)6 + 6(g)a = (a, b e R). 

Let A be the fc-submodule of f\^_ R generated by terms a Ab where at least one of a, b belongs 
to k. We claim that there is an isomorphism 

HC^(R) S (/\R)/A, a<E>b^aAb. 

It is clear that (f\ k R)/A — > Q^, fe /<iR, aAb M> adfe is well-defined, thereby defining the isomorphism 
in one direction. In the other direction, it is evident that a <£> b M> a A b mod A sends a <£> 6 + 6 C§> a 
to zero, so it remains only to check that 

ab Ac — aAbc + caAb = mod A 

for all a, b, c e i?. Since the identity is linear and symmetric in a, b, c it is sufficient to prove it in 
the following two cases: 

(i) a e k: Then the identity becomes 

ab Ac — a Abe — ab A c — —a A be = mod A. 

(ii) a, b, c e I: Then the identity vanishes since I 2 = 0. 

This proves that HCi(R) — > (/\^i?)/A is well-defined, completing the proof of our claimed iso- 
morphism. 

Finally, it is straightforward to sec that the surjection /\^ I — > (/\^ i?) /A descends to an iso- 
morphism Afe/fen/ 7 - (Afe ^)/A. □ 

Now we reach the main application of the lemmas; recall that if A is a p-adic order with residue 
field F<j then A contains 7L q . 

Proposition 3.26. Let A be a p-adic order with residue field ¥ q , and assume p > 2. Then there 
is a natural isomorphism 

2 

K 2 (A/m 2 ) S A m/m', {x, y) o y A x 

U q 

where m' = m 2 + pZ q . 

Proof. Combine the previous three lemmas, with R = A/m 2 and k = Z q /Z q n m 2 . □ 
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